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Topological phases in (2+1)-dimensions are frequently equipped with global symmetries, like con-
jugation, bilayer or electric-magnetic duality, that relabel anyons without affecting the topological
structures. Twist defects are static point-like objects that permute the labels of orbiting anyons.
Gauging these symmetries by quantizing defects into dynamical excitations leads to a wide class
of more exotic topological phases referred as twist liquids, which are generically non-Abelian. We
formulate a general gauging framework, characterize the anyon structure of twist liquids and provide
solvable lattice models that capture the gauging phase transitions. We explicitly demonstrate the
gauging of the Z2-symmetric toric code, SO(2N)1 and SU(3)1 state as well as the S3-symmetric
SO(8)1 state and a non-Abelian chiral state we call the “4-Potts” state.
I. INTRODUCTION
Topologically ordered phases in two dimensions are
long range entangled states of quantum matter that
support fractional quasiparticle excitations with anyonic
statistics (for detailed explanations of these concepts see
Refs.[1–3]). Unlike ordinary phases of matter that are
characterized by an order parameter and broken sym-
metries, topological phases can be featureless, exhibit
no apparent local order parameters, and are not asso-
ciated with spontaneous symmetry breaking. Recently
the concept of a topological phase has been broadened to
include symmetry protected/enriched topological phases
(SPT/SET)4–10, the most notable example being the
fermionic topological insulator phases protected by time-
reversal symmetry.11–19
Many topologically ordered phases can also manifest
a new type of discrete symmetry known as an anyonic
symmetry (AS).20–27 For a given topological order there
is a corresponding set of anyonic quasiparticles (QPs),
and the AS group acts on the set of QPs to permute the
anyon labels. This is similar to, for example, the permut-
ing of a discrete set of ground states in a conventional
symmetry broken phase by the discrete symmetry oper-
ations. Until recently, these types of anyonic symmetries
had rarely manifested any physically measurable conse-
quences. However, the appearance of the idea of twist
defects in topological phases20–37 has yielded some tanta-
lizing opportunities through which these symmetries may
be explored. This has attracted attention because the
twist defects, despite being essentially point-like semi-
classical objects, can often behave as non-Abelian anyons
even when the underlying topological order with AS is
Abelian. Thus, the remarkable possibility of generating
non-Abelian objects from much simpler Abelian theories
has drawn an intense focus on this subject.
To gain an intuitive understanding of twist defects it
is useful to compare the twist defects corresponding to
a discrete AS group with conventional magnetic flux ex-
citations of a discrete gauge theory38–44. In both cases,
when the trajectory of an anyon QP in the theory encir-
cles a flux/defect, there is an associated Aharonov-Bohm
effect. For gauge fluxes, this effect yields an action of
the gauge group on the QP, which depends on the charge
of the quasiparticle and the type of flux. For twist de-
fects, there will instead be an action of the AS group
which permutes the anyon type of the encircling anyon
QP. The major difference is that, unlike gauge fluxes
in a discrete gauge theory, twist defects in a topologi-
cally ordered phase are not excitations of the underlying
quantum Hamiltonian. Instead, they are extrinsic ob-
jects that depend on the topological textures of some
non-dynamical background fields. When the spatial de-
pendence of the background fields is arranged in a topo-
logically non-trivial defect structure, then exotic bound
states can be trapped at the defect location, e.g. non-
Abelian anyons.
As of now there is a large collection of systems in which
twist defects have been predicted to exist. One sim-
ple example is a heterostructure formed from the edge
of a 2D topological insulator (TI), an s-wave supercon-
ductor (SC), and a ferromagnet (FM).45,46 The interface
between the SC and FM on the TI edge can trap pro-
tected Majorana zero modes.11,12,47–50 Thus, the topo-
logical insulator mass gap, the superconducting pairing,
and the ferromagnetic order parameter provide the rel-
evant background fields, and the SC-FM interface on
the edge provides the topological texture. More exotic
fractional Majorana modes (also known as parafermions)
have also been proposed to exist in heterostructures
of more complicated fractional topological phases.51–55
These defect bound states are non-Abelian objects that
can robustly store quantum information non-locally in
space, and could be powerful enough for universal topo-
logical quantum computation.42,56–61 These heterostruc-
ture designs amount to an explicit construction of twist
defects.
Another prevalent set of examples of systems with
twist defects arises in lattice models and bi-layer sys-
tems where the AS group is intertwined with the set
of lattice symmetries. In these cases, crystalline de-
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2fects, which are formed by the slow modulation of the
lattice or layer parameters, can act as twist defects.
Some examples include dislocations in the Kitaev toric
code model,20,22,33,56 the Wen plaquette rotor model23,32,
and the tricolor rotor model25,29,62. Similar twist de-
fects could also manifest as disclination defects in topo-
logical nematic states34 and bilayer fractional quantum
Hall (FQH) states35,37. Disclinations are topological de-
fects of the underlying lattice supporting the topological
phase (or of an emergent nematic order in the topologi-
cal fluid63,64), which act as curvature sources in the local
geometry that is coupled to the topological phase. These
defects can effectively rotate the anyon type of an orbit-
ing quasiparticle according to some anyonic symmetry
operation, instead of solely acting to rotate a local coor-
dinate frame.
Until now most of the work on twist defects has fo-
cused on their exciting semiclassical properties. How-
ever, we are interested in understanding the consequences
of their quantum dynamics. Given a parent (topolog-
ical) phase with a global (anyonic) symmetry we can
ask what new phase emerges when defects associated to
the non-trivial elements of the symmetry group become
deconfined quantum excitations, i.e. when the symme-
try is converted from a global symmetry to a local one.
There have already been some descriptions of a quan-
tum dynamical theory of twist defects, but only in the
special cases of a bilayer FQH state65, and an Abelian
ZN theory66,67. In this article we will provide a gen-
eral framework for quantizing bulk defects in topological
phases with anyonic symmetry, and apply this to a wide
range of examples.
Before we summarize the results of the article, let us
describe our conceptual approach. Our quantum theory
of twist defects can be thought of as a generalization
of the deconfined phases of discrete gauge theories. In
fact, in the simplest case where we start with a phase
without topological order (i.e., the set of anyons is only
the vacuum), but with some global symmetry group G,
then quantum ‘twist’ defects are precisely the same as the
conventional magnetic fluxes of a local gauge symmetry
group G. Once fluxes are dynamical they, along with
the gauge symmetry charges, represent anyonic excita-
tions of a new topological phase, known as a quantum
double D(G), for the discrete symmetry group G.38–44
The resulting quantum phase arising from converting
G from a global symmetry to a local symmetry, has
non-trivial topological order as exemplified, for example,
by its non-vanishing topological entanglement entropy
Stopo = − logD, where the total quantum dimension D
is given by the order of the group |G|.68
The gauging process itself represents a topological
phase transition
Trivial Boson Condensate
with Global Symmetry
Gauging-ff
Condensation
D(G) (1.1)
through which gauge fluxes become deconfined. The re-
verse (confinement) transition can be driven by condens-
ing all bosonic gauge charges,39,69,70 and the resulting
confined state is a trivial phase with a global G sym-
metry. While the description of the deconfined phase of
discrete gauge theories is well established, the gauging of
anyonic symmetries that permute anyon quasiparticles
in a parent topological phase is largely unexplored. The
phase transition of gauging the anyonic symmetry is in
many ways very similar to a quantum version of the melt-
ing of classical 2D phases with broken symmetries,71,72
especially when, as mentioned above, the AS group is in-
tertwined with underlying lattice symmetries. In fact, if
we consider a topological phase on a torus, we can heuris-
tically say that an anyonic symmetry is weakly broken,
since the topologically degenerate ground states are in
one-to-one correspondence to the anyon types, and are
thus not necessarily invariant under the anyonic sym-
metry. Hence, the symmetry is “restored” when twist
defects (or gauge fluxes) are deconfined and become dy-
namical at the quantum level. This is qualitatively a
quantum mechanical analog of the defect proliferation
in a thermal Kosterlitz-Thouless disordering transition,73
e.g. between a crystal and a liquid or liquid-crystal. We
will therefore refer to the resulting topological phase after
gauging an anyonic symmetry as a twist liquid. Hence,
the goal of our article is to give a general construction for
twist liquids, and to provide a set of explicit examples to
illustrate the construction.
From the nature of the twist defects, it is clear that
the promotion of a global AS to a local one will, in gen-
eral, not result in a twist liquid that is still a discrete
gauge theory, even if the initial underlying parent theory
with AS is a discrete gauge theory. The easiest way to
see this is that the quantum dimensions of twist defects
are usually irrational numbers, while the quantum di-
mensions of anyons in a discrete gauge theory are always
integer-valued. Since the twist defects end up as anyonic
excitations in the twist liquid, the resulting theory can-
not be a discrete gauge theory. Despite this complication,
the phase transition still resembles that of the diagram
in Eq. (1.1) except for the fact that the original phase is
also topologically ordered:
Topological Phase with
Global Anyonic Symmetry
Gauging-ff
Condensation
Twist Liquid.
(1.2)
Additionally, we will show that the transition to the twist
liquid phase increases the total quantum dimension by a
factor of the order of the anyonic symmetry group
Dtwist liquid = D0 |G| (1.3)
where D0 is the total quantum dimension of the original
topological phase with global AS. This is a generalization
of the result one finds when gauging a conventional global
symmetry starting from a trivial boson condensate.
There is also an interesting way to understand the re-
verse transition from the twist liquid back to the parent
state with global AS. Once one has a known twist liquid,
3it can be reduced, via anyon condensation,69,70 back to
the original topological phase with a global symmetry.
Thus, in some familiar examples, we may already have
an educated ansatz for the possible twist liquid phase.
However, this approach is not a priori well defined as it
requires knowledge of the resulting phase for which one
is trying to solve, e.g. the knowledge of data such as the
quasiparticle spins and their quantum dimensions. As we
will show, there are further complications since generi-
cally there are multiple twist liquid candidates that are
related to same parent phase by an anyon condensation
process. Hence, a systematic scheme for this gauging
transition, including a Hamiltonian model and a gen-
eral construction of the QPs for the resulting twist liquid
phase is therefore needed. This is the primary motivation
for our work.
As an aside we note that in this article we focus on the
structure of anyons in a bulk topological phase. However,
in many cases one knows that the anyons of the bulk
topological phase are connected to the primary fields of
an edge conformal field theory (CFT) by a bulk-boundary
correspondence.74–76 The gauging of a bulk anyonic sym-
metry is intimately related to the orbifold of an edge
CFT,77–80 where bulk twist defects correspond to edge
twist fields. We will mainly focus on the two dimen-
sional bulk – where the phase transition actually take
place – although all examples considered have CFT orb-
ifold analogues.81
A. Summary of results
To summarize, in this article, we provide a systematic
approach for constructing twist liquids beginning with a
general (Abelian) topological phase with global anyonic
symmetry. We show that the gauging transition program
suggested by Eq. (1.2) can be modeled by a Levin-Wen
string-net lattice model.82 This model can be exactly
solved, and has an energy gap at the extreme limits on
both sides of the transition, i.e. when the defect string
tension is either absent (representing the deconfined twist
liquid phase) or infinite (representing the confined phase
with only global symmetry). In our approach, the data
we input into the Levin-Wen model (mathematically also
known as the Drinfeld center83,84) is the fusion structure
of both the quasiparticles of the anyon model and the set
of twist defects of the underlying topological state with
global AS. We will refer to this incipient fusion struc-
ture as a defect fusion category.21,25,27,37 The input data
also includes the fusion rules between defects and quasi-
particles, as well as a consistent set of basis transforma-
tions known as the F -symbols.20,60,84–87 The output of
the model is a twist liquid with dynamical quantum de-
fects/fluxes that carry well-defined exchange and braid-
ing statistics.
To serve as an explicit model to introduce our con-
struction, we will carefully demonstrate the gauging pro-
cedure in detail for the simple case of the toric code56.
This system is equivalent to the ultra-deconfined limit
of the Z2 discrete gauge theory, and has an electric-
magnetic anyonic symmetry. Its corresponding twist liq-
uid phase has generally been accepted to be a non-chiral
Ising state. We will show that this conclusion can be sup-
ported by several alternate, and more conventional, ar-
guments: (i) using the structure of the edge theory when
the electric-magnetic symmetry is gauged and appeal-
ing to a bulk-boundary correspondence, (ii) arguing via
the connection between the toric code and a non-chiral
(px+ipy)×(px−ipy) superconductor88–90, and (iii) work-
ing backwards by appealing to anyon condensation69,70.
We will also illustrate how the resulting twist liquid fits
into our more general framework using the Levin-Wen
construction82. This example serves as a twist liquid pro-
totype, and shows the essential anyon structure that will
appear in more general systems. For instance, a non-
dynamical twist defect in the toric code is promoted to
an Ising anyon excitation20,75 in the twist liquid via the
gauging procedure, and each of the nine resulting anyons
in the twist liquid can be seen as certain flux-charge-
quasiparticle composites.
Although the Levin-Wen model is not chiral, remark-
ably we show that our gauging construction can also
be applied to chiral systems after a doubling procedure
that introduces an inert chiral counter-partner with triv-
ial anyonic symmetry action. The total system is then
non-chiral and can be represented using the Levin-Wen
model. Furthermore since the AS only acts on one of
the chiral components we can directly infer the twist liq-
uid structure arising from gauging the AS of the chiral
state. We will demonstrate this by studying the transi-
tion between the Abelian, charge-conjugation symmetric
SU(3)1 FQH state and the non-Abelian SU(2)4 FQH
state, both of which are chiral.
Another key set of our results focuses on an exceptional
case where the anyonic symmetry group of the underlying
topological phase is non-Abelian. As shown in Ref. [26],
the simplest example of a system with a non-Abelian AS
group is the chiral SO(8)1 FQH state. This topological
state has been of recent interest as it was proposed to
occupy the surface of certain topological paramagnets or
bosonic SPTs in three space dimensions.8,91–93 Its anyon
content has three mutually-semionic fermions, and sup-
ports the triality anyonic symmetry group S3, the group
of permutations of the three fermions. We will show that
gauging a Z2 or Z3 subgroup of S3 leads to an (Ising)2-like
state or an SU(3)3-like state respectively, while gauging
the full S3 symmetry gives rise to a new non-Abelian
topological state with total quantum dimension D = 12
and twelve anyon types.
We also present two more instructive examples: the
sixteenfold periodic SO(N)1 theories at level 1 which
have a Z2 AS when N is even, and a state we call the chi-
ral “4-Potts” state78–80 which has an S3 AS. The states
in the SO(N) series correspond to Abelian topological
phases described by Abelian Chern-Simons theories with
K-matrices equal to the Cartan matrix of the Lie alge-
4bra so(N).26 Each of these theories has a Z2 AS which
we gauge to generate a family of twist liquids. We il-
lustrate the periodicity of these topological phases, i.e.
SO(N)1 ≡ SO(N + 16)1, and show the interesting con-
nections and phase transitions between the resulting fam-
ily of twist liquids. On the other hand, the chiral “4-
Potts” state is remarkable because it has a non-Abelian
triality symmetry, like SO(8)1, but additionally it is al-
ready a non-Abelian topological phase before gauging the
AS. In fact, it is the only non-Abelian parent state that
we explicitly consider in our article, and we use it as a
test case to compare to our general results for Abelian
parent states. We also make some brief comments about
the bi-layer toric code system, which are connected to
the analysis of the “4-Potts” state.
In addition to a set of interesting and instructive exam-
ples, we also report several (more formal) general results.
First, we have classified the quantum anyonic symmetry
operations and show that they can form an unusual non-
symmorphic structure. We have also illustrated how the
twist defect fusion rules and basis transformations (the
F -symbols) can be almost completely determined by re-
solving Wilson strings around the twist defects. This
efficient computational procedure was presented in two
previous works of one of the authors,25,37 and will be
demonstrated in detail for the toric code example, and
selectively for the SO(8)1 example. Interestingly, we also
show that there is additional freedom in the defect cate-
gory structure of a given AS group that cannot be spec-
ified by just knowing how anyons are relabeled by the
AS. Moreover, we find there can also be obstructions to
defining quantum anyonic symmetries and defect fusion
structures. These complications arise from the phase am-
biguities and inconsistencies of the quantum versions of
the symmetry operators. For example, the quantum rep-
resentation of the product of two anyonic symmetry op-
erations M̂N may differ from the product of the two
representations M̂N̂ by a unitary phase i.e. a cocycle.
This can consequently result in inequivalent, or inconsis-
tent (when an obstruction exists), sets of allowed defect
fusion rules. In the case when there are inequivalent sets
of defect fusion rules then there are several distinct twist
liquids corresponding to the same parent state.
Since we are interested in classifying all the possible
twist liquid outcomes from an initial parent state then
we must take these complications into account. Remark-
ably, we find that there is a simple physical interpreta-
tion for the multiple twist liquid outcomes arising from
a single parent state. To account for the multiple pos-
sibilities one must allow the underlying topological par-
ent state, which has a global AS symmetry, to be com-
bined/stacked on top of non-trivial 2D SPTs, or the sur-
face of 3D SPTs, with the same symmetry. The new
composite parent state would have the same topological
order as the original parent phase since the added layer(s)
are only short-range entangled and do not contribute new
anyons. However, we show that this can lead to an in-
equivalent set of basis transformations (differentiated by
certain Frobenius-Schur indicators20,94) or even inconsis-
tency (violation of the pentagon identity) in the defect
fusion category. Since the string-net construction is de-
termined by the defect fusion category, these quantum
phase ambiguities and inconsistencies give rise to mul-
tiple gauging outcomes, as well as possible obstructions
to the procedure all together. Similar phenomena were
recently proposed for SPT’s without topological order.95
By accounting for all of these subtle distinguishing char-
acteristics one can classify the set of possible twist liquid
outcomes when given a parent topological phase with an
AS group.
This paper is organized as follows. In Section II we
present our gauging procedure by carrying it out explic-
itly for the toric code. This section is split into several
pieces. First, we review the relevant topological phase
beginning from a lattice model construction. Then we
discuss the resulting defect fusion category. Finally, we
gauge the anyonic symmetry by first using conventional
arguments, and then systematically using our construc-
tion. We follow this with a long section which describes
the general gauging procedure, i.e. Section III. In this
section we begin by reviewing the notion of anyonic sym-
metries and the subtleties involved in promoting these
symmetries to quantum symmetry operators (Sec. III A).
Then we show how to construct the pieces of the rel-
evant defect fusion category given a parent topological
phase and an anyonic symmetry (Sec. III B). From here
we show how to derive the quasiparticle content of the
resulting twist liquid (Sec. III C). Then we show that we
can use the Levin-Wen string-net construction to model
the parent and twist liquid phases and the phase tran-
sition between them (Sec. III D). Finally, we close this
section by discussing the effects of gauging the global
symmetry of SPT phases and how this can change the re-
sulting twist liquid when such an SPT is combined with
a parent topologically ordered state (Sec. III E).
The remaining part of the main body of the article
consists of four examples, each of which illustrates a dis-
tinct aspect in the gauging procedure. Section IV shows
the gauging of the chiral SU(3)1 fractional quantum Hall
state. This section demonstrates how the chiral twist
liquid, which arises after gauging the charge-conjugation
symmetry, can be embedded in a non-chiral string-net
model. The sixteen fold SO(N)1 series in Section V
shows the relationships between a series of Abelian par-
ent states (for even N) and a series of Ising-like twist
liquids (for odd N). The SO(8)1 state in this series is
special since it is the simplest Abelian state with a non-
Abelian anyonic symmetry. Section VI demonstrates the
gauging of its full S3 triality symmetry. Finally, Sec-
tion VII considers the S3 symmetric non-Abelian chiral
“4-Potts” phase. It illustrates the most general scenario
where the parent state itself is non-Abelian. Building on
this we make some comments at the end of this section
about gauging the bi-layer symmetry in the bi-layer toric
code.
The article is concluded in Section VIII, where the
5reader will find an informal summary that highlights the
main features while avoiding most technicalities. In fact,
we point the reader to that section if they only want a
flavor of the contained results. We also include a set of
detailed Appendices to which we often refer in the main
body of the article.
During the preparation of this manuscript we learned
of the related work of Barkeshli et. al.27, and the un-
published work of Fidkowski et. al.96,97. The results we
present in this work overlap with parts of these papers,
but were determined independently and offer complemen-
tary discussions and points of view. Generally, the classi-
fication and obstructions of global quantum symmetries,
as well as the corresponding defect fusion category in
Sections III A 1 and III B are essentially physical descrip-
tions of the mathematical work by Etingof et. al.21. The
description in terms of the G-crossed theory is presented
and defined in Ref.27, and we provide a systematic ap-
proach, especially for general Abelian parent states, to
derive the defect objects and their basis transformations.
In our work, we note that we have avoided the concept
of exchange and braiding of extrinsic defects since they
are classical objects. Instead, we show that the spin and
braiding properties of the resulting quantum anyons after
gauging can be directly determined by a (relative) Drin-
feld construction (Sec.III D). This is nicely controlled by
a string-net Hamiltonian that depends only on the fusion
properties of defects. These are explicitly demonstrated
in the detailed examples studied in this article, all of
which illustrate salient and original features of the gaug-
ing process. We have tried to note throughout the pa-
per when how our major results overlap and relate with
those of Ref. 27. Unfortunately, we were not able to do
the same for Ref. 96 and 97 yet, as it is not currently
available. The combined results and examples in all three
works should establish a comprehensive theory.
II. GAUGING THE ELECTRIC-MAGNETIC
SYMMETRY OF THE KITAEV TORIC CODE
The toric code56 is an exactly solvable model that de-
scribes the topological phase of a 2 + 1-dimensional Z2
gauge theory38,40–44 deep in its deconfined phase98–101.
To facilitate the later discussion of twist defects in this
system, we found it convenient to define the plaque-
tte model proposed by Wen,102 a model on a rectan-
gular checkerboard lattice where there is a spin-1/2 de-
gree of freedom at each vertex. This model has a topo-
logical phase which is equivalent to that found in Ki-
taev’s original model of the toric code. The Hamiltonian
H = −∑P Pˆ is a sum of plaquette operators of the form
Pˆ = σ1xσ
2
zσ
3
xσ
4
z , i.e. a product of spin operators at the
surrounding vertices of the plaquette as shown in Fig. 1.
Ground states of this model are simultaneous eigen-
states of each Pˆ with Pˆ = +1 for all plaquettes so that
the energy is minimized. Quasiparticles are excitations
localized at plaquettes with Pˆ = −1. The excitations
σ1x σ
2
z
σ4z
σ3x
e
m
FIG. 1. Wen plaquette-model (for our purposes this is essen-
tially equivalent to the toric code) with a dislocation (yellow
pentagon).
can only be diagonally transported to an adjacent pla-
quette with the same color, and this is executed by acting
on the quantum state with a spin operator at the con-
necting vertex. Repeating this motion will leave a string
of spin operators along the quasiparticle trajectory that
connects plaquettes of the same color. Since the lattice
is bi-partite it is easy to see there are two fundamental
non-trivial quasiparticles: the charge e and flux m that
live on oppositely colored plaquettes. They are bosons
but obey mutual semionic statistics, i.e. dragging one
completely around the other will result in a −1 braiding
phase. The flux and charge can also combine to form a
composite quasiparticle ψ = e×m which, on the lattice,
is equivalent to the excitation of two adjacent plaquettes
with opposite color. The quasiparticle ψ is a fermion due
to the −1 twist phase upon a 360◦ rotation of its internal
structure.
The reason we chose this lattice model for the Z2
topological phase is that the bi-colored structure of the
checkerboard lattice is intimately related to an electric-
magnetic anyonic symmetry of the system. Switching
the colors will exchange the labels of the charge and flux
e↔ m, while keeping the fermion ψ unchanged. This re-
labeling corresponds to an anyonic symmetry, as the op-
eration does not alter the spin and braiding statistics of
the set of quasiparticles. The symmetry is, however, non-
local in this model as there is no local operator that can
switch between quasiparticles with distinct anyon types.
The non-locality can also be seen geometrically by notic-
ing that swapping the plaquette colors in a local patch
would violate the checkerboard pattern along the (possi-
bly large) boundary of the patch.
To make a connection with other descriptions in the
literature, we note that this topological phase can also
be described by an Abelian Chern-Simons theory via the
K-matrix formalism103,104 with the Lagrangian density
L = 1
4pi
KIJαIdαJ + αIJ I (2.1)
where we have used a 2-component U(1) gauge field αI
with the 2 × 2 K-matrix K = 2σx. Here J 1 and J 2
correspond to the currents of the charge e and flux m
quasiparticles respectively. The action is invariant under
the electric-magnetic (duality) symmetry. In this formu-
lation this is equivalent to swapping the two gauge fields,
6α1 ↔ α2, and is represented by the matrix M = σx.
The K matrix is unchanged under conjugation by this
operation, MKMT = K.
A. Twist defects
As we discussed, the plaquette model gives rise to
an Abelian topological phase where quasiparticles obey
single-channel fusion rules, e.g.
e×m = ψ, m×m = 1. (2.2)
A quantum state can thus be specified by the anyon
types of its quasiparticle excitations and their locations.
Any exchange and braiding operations cannot alter the
state other than multiplying it with a unitary phase, and
therefore these operations mutually commute. This set
of quasiparticles represents the parent topological phase.
Remarkably it was shown that this model, and such a
Z2 topological phase in general, can support non-Abelian
objects in the form of twist defects. For this partic-
ular lattice realization the twist defects take a simple
form, they are realized as dislocations on the rectangu-
lar lattice20,22,23,33 (see Fig. 1). We will now review the
fusion properties of these twist defects.
Microscopically, a dislocation of a two-dimensional
square lattice is a topological singularity of the under-
lying (square in this case) lattice. Dislocations are char-
acterized by a topological charge known as the Burgers
vector. For the square lattice, a dislocation is a line of
atoms (lattice sites) that end at a trivalent vertex adja-
cent to a pentagon plaquette, i.e. a disclination dipole
(see, e.g. Refs. [71 and 72]). The line of atoms plays the
role of a “Dirac string” (effectively a branch cut), and its
position is definition-dependent (gauge-dependent). The
plaquette operator at the pentagon in the Hamiltonian
is modified to be P±D = ±σ0yσ1xσ2zσ3xσ4z , where the addi-
tional 0th site is the trivalent vertex, and the sign can
be arbitrarily fixed locally at each defect. This opera-
tor commutes with all other plaquette operators and the
model is still exactly solvable. However, the charge e
and flux m quasiparticles can no longer be globally dis-
tinguished. This is because the bi-colored checkerboard
pattern cannot be globally defined in the presence of a
dislocation, and there is a branch cut – represented by
the red line in Fig. 1 – originating from the defect where
neighboring plaquettes share identical colors. As quasi-
particles move diagonally from plaquette to plaquette,
they change type across the branch cut according to the
electric-magnetic anyon symmetry e ↔ m (see Figs. 1
and 2(a)).
In general, a twist defect in the toric code is a topolog-
ical defect of the lattice that switches the anyon labels
of quasiparticles being dragged adiabatically around the
twist defect according to the electric-magnetic symmetry
e↔ m (see Fig. 2(a)). It can be constructed from any de-
fect that violates the checkerboard lattice pattern, such
+
σ e
m
+
e
m
(a) (b)
FIG. 2. (a) A quasiparticle changing type when traveling
across a branch cut terminated at a twist defect σ. (b) The
Wilson loop Θ that distinguishes defect species.
as a dislocation or a disclination with an odd-coordinated
vertex. The sign of the defect plaquette operator P±D cor-
responds to two distinct defect species, σ0 and σ1.
25,37
The species labels can be more generically distinguished
by the Wilson loop operator Θ (see Fig. 2(b)) formed
by dragging either the e or m quasiparticle around the
defect twice to form a closed loop. This Wilson loop op-
erator can be absorbed into the ground state, but with
a remaining eigenvalue phase i or −i depending on the
defect species. Defect species can also mutate between 0
and 1 by absorbing or emitting an e or m quasiparticle.
This is because the additional quasiparticle string ema-
nating from a mutated defect will intersect the double
loop operator Θ and contribute a minus sign. However,
adding or subtracting a fermion ψ to/from the defect does
not change its species because the ψ-string would inter-
sect Θ twice and give the trivial phase. These results
are summarized by the following fusion (or equivalently
splitting) rules of the twist defects and quasiparticles
σλ × ψ = σλ, σλ × e = σλ ×m = σλ+1 (2.3)
where λ = 0, 1 (mod 2) denotes the defect species.
We show explicitly in Appendix B how to construct
the defect fusion category for this phase, but for now we
will just summarize the relevant data. First we need to
give the fusion rules between pairs of defects:
σ0 × σ0 = σ1 × σ1 = 1 + ψ, σ0 × σ1 = e+m. (2.4)
The first equation, for example, states that two defects
with identical species can fuse into either the vacuum 1 or
fermion ψ channel. It is worth noting that this matches
the fusion of a pair of Ising anyons.20
We also need to list the set of F -symbols, which are
proven in Ref. 37, and are summarized in Table I. For
the definition of the F -symbols and a quick review of the
relevant technical points regarding topologically ordered
phases, refer to Appendix A. As discussed in Appendix
B, there are two possible inequivalent, but consistent,
choices for the F -symbols which differ by signs. The twist
liquid of the bare toric code corresponds to one choice,
while that of the toric code stacked on a non-trivial Z2
SPT corresponds to the other choice. We will discuss this
more in Section III E.
7Defect F -symbols for the (bare) toric code
F abcd , F
abσ
σ , F
σab
σ , F
aσσ
b , F
σσa
b 1
F aσbσ , F
σaσ
b (−1)a2b2
[Fσσσσ ]
b
a
1√
2
(−1)a2b2
TABLE I. Admissible F -symbols for defects in the toric code
with quasiparticle decomposition a = ea1ma2 , b = eb1mb2 .
They do not depend on the defect species σ = σ0, σ1.
B. Gauging the electric-magnetic anyonic
symmetry
The toric code has a Z2 global anyonic symmetry group
that acts to exchange the labels of the the charge e and
flux m quasiparticles in the effective Z2 gauge theory.
That is, this topological phase has a local Z2 symme-
try and a separate global Z2 anyonic symmetry. Be-
cause the anyonic symmetry exchanges electric-charge
with magnetic-flux, we will will also refer to the symme-
try as an electric-magnetic or e-m symmetry when con-
venient.
Now, we are interested in driving the topological sys-
tem through a quantum phase transition so that a lo-
cal electric-magnetic symmetry is generated/restored. To
understand the type of phase transition we have in mind,
perhaps it is beneficial to draw an analogy with a lattice
melting transition where broken continuous translation
symmetry is restored by proliferating dislocation defects.
If we consider proliferating dislocations in Wen’s plaque-
tte model then this would melt the checkerboard lattice
and simultaneously smear out the distinction between e
and m, thereby making the the electric-magnetic sym-
metry local. For this particular realization of the decon-
fined phase of the Z2 gauge theory the dislocations act as
twist defects, which are the fluxes of the anyonic symme-
try group. The relabeling operation e↔ m of encircling
quasiparticles can be regarded as a holonomy represent-
ing the action of the Z2 anyonic symmetry. Initially these
twist defects are classical static objects and we seek a
quantum dynamical description where they become any-
onic excitations of a new topological phase where the
electric-magnetic symmetry is gauged. We refer to this
new topological phase as a twist liquid.
In many ways, the twist liquid bears a similarity to
a typical (2 + 1)D discrete gauge theory. For exam-
ple, we will soon show that it also naturally supports
gauge charges of the AS group that braid non-trivially
around the quantum twist defects, to which we will re-
fer simply as fluxes from now on. However, due to the
non-trivial anyons of the original phase, and the possible
non-Abelian nature of the twist defects, the twist liquid
is generically not a discrete gauge theory. For instance,
fluxes in the twist liquid do not necessarily carry integral
quantum dimensions. The rest of this section will be
dedicated to proving that the twist liquid derived from
the toric code with gauged anyonic e-m symmetry has a
non-chiral Ising-type topological order:
Toric Code
Gauging-ff
Condensation
Ising× Ising. (2.5)
We will begin our discussion by presenting some com-
plementary indirect evidence that will serve as physical
intuition. This will followed by a more systematic ap-
proach that we will adapt to more general systems in
Section III.
1. Fermionization, fermion parity gauging, and anyon
condensation
The first piece of indirect evidence comes from an anal-
ysis of the expected edge theory, and then using the
bulk-boundary correspondence to infer the bulk prop-
erties from the boundary. For our case, the expecta-
tion of a non-chiral Ising theory can be understood by
studying the symmetry-enforced edge, i.e. an edge where
the electric-magnetic symmetry is explicitly enforced.
It is well-known3,104 that the boundary of the effective
Abelian Chern-Simons bulk theory has a Luttinger liq-
uid description L = 14piKIJ∂xφI∂tφJ , where I, J = 1, 2
index the chiral U(1) bosons φI and K = 2σx. The gap-
less bosons are unstable against two relevant competing
condensation mechanisms (mass terms)
H = Je cos 2φ1 + Jm cos 2φ2 (2.6)
where Je (or Jm) is responsible for the condensation of
the bosonic charge e (resp. flux m). This leads to an en-
ergy gap along the edge when the two competing terms
are not balanced, and the two gapped phases, Je < Jm
and Je > Jm, are realized by the “smooth” or “rough”
edges of Kitaev’s original toric code lattice model30,105.
However, when the electric-magnetic symmetry is strictly
enforced, the Hamiltonian is pinned at the self-dual tran-
sition point for Je = Jm. At this point Eq. (2.6) can
be mapped to a transverse field Ising model, or equiva-
lently fermionized into a pair of real fermions.2,106 It is
well-known that this critical theory is characterized by a
non-chiral Ising CFT.77 If we appeal to the conventional
bulk-boundary correspondence this would imply that the
bulk theory has the anyon content with non-chiral Ising
character as well.
The second argument is based on a convenient repre-
sentation of a conventional s-wave superconductor. First,
one can physically model the anyon content of the toric
code by gauging the fermion parity of a conventional
two dimensional s-wave superconductor (SC).107,108 The
anyon content of the toric code is represented by the su-
perconducting condensate vacuum which corresponds to
1, the fermionic Bogoliubov−de Gennes quasiparticle109
which is ψ, the deconfined hc/2e quantum flux vortex
which is m, and an excited Caroli−de Gennes−Matricon
vortex state110 which corresponds to e = m×ψ. The im-
portant realization is that an s-wave SC is topologically
8equivalent, and adiabatically connected (if we do not en-
force any extra symmetries), to a bilayer (px + ipy) ×
(px−ipy) SC as they both have vanishing Chern invariant
(or thermal Hall conductivity).88–90 We must remember
that, despite the bi-layer representation, only the over-
all combined fermion parity (−1)F++F− is gauged, and
the flux vortex m is a bound composite of vortices σ+σ−
in both layers. By themselves the σ± bind local Majo-
rana bound states γ±, but we see that m = σ+σ− is still a
conventional boson as the pair of vortex bound Majorana
zero modes can couple and be annihilated by interlayer
electron tunneling.
In this representation, a vortex σ± on a single layer is
the physical realization of a twist defect. We can see this
as follows: consider dragging a bilayer vortex m(x) once
around the single layer one, say σ+(y). The Majorana
zero mode γ+(x) on m(x) in the first layer accumulates
a braiding phase of −1, while the other zero mode γ−(x)
on m(x) is unaltered by the braiding process. As a re-
sult the m(x) vortex undergoes a fermion parity pumping
process and becomes e(x) after a cycle;111 i.e. the local-
ized vortex bound state constructed from the two local
Majorana modes becomes excited:
c(x) =
γ−(x) + iγ+(x)
2
→ γ−(x)− iγ+(x)
2
= c†(x).
(2.7)
Thus we see that under this process m→ e. If we started
with an excited bilayer vortex e(x) we can see that it
would be converted to an m quasi-particle during the
same process.
Now when we consider gauging the electric-magnetic
symmetry, then single layer vortices σ± become decon-
fined and quantum dynamical. Equivalently, the individ-
ual fermion parities (−1)F± of both layers are gauged
as a result. A chiral px ± ipy SC with a dynamical
Z2 gauge field has non-Abelian (chiral) Ising topological
order20,112. The non-chiral bilayer system thus belongs
to the non-chiral Ising× Ising phase. We notice in pass-
ing that if the two layers carry opposite spins, then the
combined time reversed px ± ipy partners corresponds
to a non-trivial Z2 topological SC in class DIII in two
dimensions.88–90 The fact that this state has a gapless
helical Majorana edge mode at its edge resonates with
the previous discussion of the critical Ising Hamiltonian
(2.6) on the edge, except that the former is protected
by time reversal, and the latter is enforced by electric-
magnetic symmetry.
The third line of argument comes from reverse engi-
neering our guess that the twist liquid phase is the non-
chiral Ising theory. We will see that by condensing69,70 a
non-trivial boson in the twist liquid, one can have a tran-
sition back to the toric code with the global e-m symme-
try. The non-chiral Ising× Ising phase with quasiparticle
structure {1, ψ, σ} × {1, ψ, σ} has a non-trivial (i.e. not
the vacuum) boson z = ψψ. The z quasiparticle plays
the role of the Z2 charge of the electric-magnetic any-
onic symmetry, and accumulates a braiding phase of −1
around the Ising anyon σ (or σ), which, as such, will be
identified as the Z2 flux of the e-m symmetry.
Upon condensing the fermion pair, the two Ising
anyons are confined. The two fermions ψ and ψ become
identified since they can transform into one another by ef-
fectively ‘absorbing’ the condensate. The super-selection
sector σσ (we will henceforth abbreviate super-selection
sector to super-sector) has quantum dimension 2 as it
satisfies the fusion rule
σσ × σσ = 1 + ψψ + ψ + ψ. (2.8)
Recall in the (px+ipy)×(px−ipy) SC, the bilayer vortex
σ+σ− has split energy states e and m due to the coupling
between the pair of local vortex Majorana zero modes γ±.
Hence, from this intuition we expect the super-sector σσ
must also split into independent dimension 1 sectors, i.e.
σσ = e + m, with opposite fermion parity, e = m × ψ.
After ψψ is condensed and identified with the vacuum,
the fusion rule (2.8) becomes
(e+m)× (e+m) = 1 + 1 + ψ + ψ. (2.9)
This recovers the fusion rules e2 = m2 = 1 and e×m = ψ
of the toric code, as well as the braiding statistics
Ree1 = R
mm
1 = R
(σσ)(σσ)
1 = 1 (2.10)
where Rxx1 is the exchange phase of QP x. From this
we can conclude that the condensation of z = ψψ, or
equivalently confinement of the Ising anyons σ, σ, drives
a topological phase transition from the twist liquid to the
Z2 toric code.
Ising× Ising ψψ Condensation- Toric code. (2.11)
We can also see something else interesting from this
construction: we see that the origin of the global electric-
magnetic symmetry in the Z2 toric code arises from the
the fact that e and m are the offspring of the same super-
sector σσ in the corresponding twist liquid. As such, they
have identical fusion and statistical properties, which is
a requirement of being related by an anyonic symmetry.
2. Drinfeld construction
The above three pieces of evidence are convincing
suggestions that the toric code with gauged electric-
magnetic anyonic symmetry should be described by the
Ising× Ising topological phase. However, there are draw-
backs to these arguments. For instance, for the argument
based on the edge-theory, the instability of the symmet-
ric edge (2.6) is irrelevant, in the renormalization group
sense, for K-matricies kσx for k > 4. Hence, without a
more careful treatment of edge boundary conditions, it
would not allow one to infer the bulk twist liquid after
gauging the e-m symmetry of a more general Zk gauge
9theory. Additionally, the arguments concerning the bi-
layer px ± ipy SC and fermion pair condensation both
rely heavily on the hindsight that the gauging of e-m
symmetry would lead to a non-chiral Ising theory; a the-
ory which is already physically well-understood. Thus it
is unclear one could find a clean way to generalize such
a construction. Hence, in this section we will discuss
a more systematic approach that can be carried out in
more general, and less well-known, anyonic symmetric
topological phases.
In Section II A, we discussed the fusion structure of
twist defects in the toric code. They obey the fusion
rules (2.3), (2.4), and basis transformations are gener-
ated by the F -symbols listed in Table I. These defects
become quantum dynamical fluxes in the twist liquid af-
ter gauging the electric-magnetic symmetry. Like all any-
onic excitations of any topological phase, they satisfy a
set of consistent braiding rules. The anti-clockwise ex-
change of the anyons x and y with a fixed fusion channel
x× y → z gives an Abelian phase∣∣∣∣∣∣
xy
z
〉
= Rxyz
∣∣∣∣∣∣
xy
z
〉
. (2.12)
These exchange R-symbols follow the consistency rela-
tions called the hexagon identity20 (see Eq. (2.13) and
Fig. 3), which we will abbreviate by the notation 9-eq.
χy z
w
χy z
w
χy z
w χy z
wχy z
w
χy z
w
p
q
q
p
r r
R
R
R
F
F F
FIG. 3. Hexagon equation.
Rχyp [F
yχz
w ]
q
pR
χz
q =
∑
r
[Fχyzw ]
r
pR
χr
w [F
yzχ
w ]
q
r . (2.13)
First we notice that within the full defect fusion cat-
egory C = {1, e,m, ψ, σ0, σ1}, there is a closed sub-
category C0 = {1, ψ, σ0} that has the fusion rules ψ×ψ =
1, ψ×σ0 = σ0 and σ0×σ0 = 1 +ψ, and non-trivial basis
transformations (see Table I)
Fσψσψ = F
ψσψ
σ = −1, Fσσσσ =
1√
2
(
1 1
1 −1
)
(2.14)
where the entries for [Fσσσσ ]
y
x runs through the inter-
mediate channels x, y = 1, ψ, and all other admissi-
ble F -symbols are 1. We are interested in constructing
the Drinfeld center82–84 Z(C0) of this sub-category. In
Sec. III D we will illustrate that using the Drinfeld center
Z(C) of the full defect fusion category will produce Z(C0)
as well as an unwanted redundant copy of toric code (see
Eq. (3.115)). Generically, instead of taking the Drinfeld
center of a defect subcategory we will need to take the full
Drinfeld center and then implement constraints to con-
struct a relative Drinfeld center. This will be discussed
in detail in Sec. III D, and explicitly implemented for the
examples in Sec. IV, V, VI and VII.
To perform this construction we need to find the set
of (Drinfeld) anyons, which are the QPs in the twist liq-
uid, and their associated braiding and fusion properties.
An anyon χ = (x;Rx∗∗ ) in the Drinfield center is de-
scribed by two data. The quantity x is an object in the
original fusion category and can, in general, be a linear
combination of the labels 1, ψ, σ0. It dictates the fusion
properties of χ. The quantity Rx∗∗ is a consistent set of
unitary solutions {Rxyz } to the hexagon equations (9-eq.)
in Eq. (2.13) (see Fig. 3) and characterizes the clockwise
exchange between the Drinfeld anyon χ and a label y
in the original category with fixed fusion channel z. The
trivial 9-eq. Rx11 Rx11 = Rx11 implies Rx11 = 1 for any x.
To find the twist liquid that results from our defect fu-
sion category we must find all of the irreducible anyon
solutions of the 9-eq.
First we begin by solving Rx∗∗ for x = 1. Exchanging
1 with a pair of σ0’s give the 9-eq.’s
R1σσ R1σσ = R111 = R1ψψ = 1. (2.15)
There are two sets of solutions
1 =
(
1;R1ψψ = R1σσ = 1
)
(2.16)
z =
(
1;R1ψψ = −R1σσ = 1
)
(2.17)
where 1 represents the true vacuum of the Drinfeld cen-
ter, and z is a non-trivial boson that will be identified as
the Z2-charge for the e-m symmetry.
Next we consider the 9-eq.’s for exchanging σ0 with a
pair of ψ’s
−Rσψσ Rσψσ = Rσ1σ = 1 (2.18)
and with a pair of σ0’s
1√
2
Rσσ1 Rσσ1 =
1
2
(Rσ1σ +Rσψσ ) (2.19)
1√
2
Rσσ1 Rσσψ =
1
2
(Rσ1σ −Rσψσ ) (2.20)
− 1√
2
Rσσψ Rσσψ =
1
2
(Rσ1σ +Rσψσ ) . (2.21)
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There are four solutions which we label by
σ =
(
σ0;Rσψσ = −i,Rσσ1 = e−pii/8,Rσσψ = e3pii/8
)
(2.22)
σ =
(
σ0;Rσψσ = i,Rσσ1 = epii/8,Rσσψ = e−3pii/8
)
(2.23)
σ′ =
(
σ0;Rσψσ = −i,Rσσ1 = e7pii/8,Rσσψ = e−5pii/8
)
(2.24)
σ′ =
(
σ0;Rσψσ = i,Rσσ1 = e−7pii/8,Rσσψ = e5pii/8
)
.
(2.25)
These will be identified as the flux-charge composites for
the Z2 e-m symmetry.
The 9-eq.’s for exchanging ψ with a pair of σ0’s
Rψσσ Rψσσ = Rψψ1 = −Rψ1ψ = −1 (2.26)
have two solutions
ψ =
(
ψ;Rψψ1 = −1,Rψσσ = −i
)
(2.27)
ψ =
(
ψ;Rψψ1 = −1,Rψσσ = i
)
. (2.28)
However, these are not all the irreducible solutions of
the 9-eq.’s. There is an extra indecomposible (i.e. cannot
be broken up into contributions from the previously listed
anyons) Rx∗∗ associated with the super-sector x = 1 +ψ.
It has degenerate fusion rules x × σ = 2σ, and therefore
the exchange symbol Rxσσ , is a 2× 2 matrix. The 9-eq.’s
for exchanging 1 + ψ with a pair of ψ’s are
R(1+ψ)ψψ R(1+ψ)ψψ = R(1+ψ)11 = 1 (2.29)
R(1+ψ)ψ1 R(1+ψ)ψ1 = R(1+ψ)1ψ = 1. (2.30)
The 9-eq.’s for exchanging 1 + ψ with a pair of σ0’s are
R(1+ψ)σσ R(1+ψ)σσ =
(
R(1+ψ)11 0
0 R(1+ψ)ψ1
)
(2.31)
R(1+ψ)σσ σzR(1+ψ)σσ =
(
R(1+ψ)ψψ 0
0 R(1+ψ)1ψ
)
(2.32)
where (2.31) has overall fusion channel σ×(σ×(1+ψ))→
1, and (2.32) has σ × (σ × (1 + ψ)) → ψ; hence the
appearance of the Pauli matrix σz = diag(1,−1) comes
from the F -symbols F
σ(1+ψ)σ
ψ = (F
σ1σ
ψ , F
σψσ
ψ ) = (1,−1).
To solve the 9-eq.’s, we first notice that R(1+ψ)ψ1 and
R(1+ψ)ψψ must have opposite signs. Otherwise, (2.31) and
(2.32) would be identical up to a sign and lead to the
contradiction R(1+ψ)σσ σzR(1+ψ)σσ = ±R(1+ψ)σσ R(1+ψ)σσ .
Next, if
−R(1+ψ)ψ1 = R(1+ψ)ψψ = 1 (2.33)
then (2.31) and (2.32) require [R(1+ψ)σσ , σz] = 0 and
R(1+ψ)σσ R(1+ψ)σσ = σz. They have four diagonal solu-
tions
R(1+ψ)σσ =
(
±1 0
0 ±i
)
(2.34)
which are decomposable into 1+ψ, 1+ψ, z+ψ and z+ψ
according to (2.16), (2.17), (2.27) and (2.28), and thus
lead to no new anyons.
The irreducible solution is given by
R(1+ψ)ψ1 = −R(1+ψ)ψψ = 1 (2.35)
so that (2.31) and (2.32) require {R(1+ψ)σσ , σz} = 0 and
R(1+ψ)σσ R(1+ψ)σσ = 1 . This has off-diagonal solutions
R(1+ψ)σσ =
(
0 eiφ
e−iφ 0
)
. (2.36)
The phase φ is a gauge degree of freedom and can be set
to 0 by a u(2) gauge transformation at the degenerate
fusion vertex σ× (1+ψ) = 2σ. From this we see that the
final anyon in the Drinfeld center is the super-selection
sector
E =
(
1 + ψ;R(1+ψ)ψ1 = −R(1+ψ)ψψ = 1,R(1+ψ)σσ = σx
)
.
(2.37)
Collecting the solutions together we have a set of nine
anyons that recover the same fusion structure as the
Ising× Ising theory by identifying
ψ = z × ψ, σ′ = z × σ, σ′ = z × σ (2.38)
E = z × E = σ × σ. (2.39)
These can be verified by combining the R-symbols with
appropriate hexagon identities. For instance, (2.38) can
be proven by equating Rψσσ = Rzσσ Rψσσ and Rσ
′σ
∗ =
Rzσσ Rσσ∗ . To see Eq. (2.39), we note that fusing the
supersector E with the fermion pair z does not alter it
because REψ∗ = Rzψψ REψ∗ . Moreover REσσ and Rzσσ REσσ
only differ by a sign and are related by a U(2) gauge
transformation.
Now, from our set of anyons we identify the σ anyons
as the Z2 fluxes for the electric-magnetic symmetry as
they originate from the twist defect. The fermion pair
z = ψψ is the Z2 charge because of the braiding phase
with σ
Rzσσ R
σz
σ = Rzσσ Rσ1σ = −1. (2.40)
(Note that Rσz = Rσ1 because the second argument of
the R-symbol only depends on the original fusion cate-
gory label.) As a result, σ′ and σ′ are flux-charge com-
posites.
As a consistency check, we can compute the spins of
the nine quasiparticles from the R-symbols. It is clear
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that the vacuum (1) and the fermion pair (z) are bosons
as θ1 = R
11
1 = 1 and θz = R
zz
1 = Rz11 = 1. It is also
straightforward to see that ψ and ψ are fermions from
θψ = R
ψψ
1 = −1 and θψ = Rψψ1 = Rψψ1 = −1. For the
Ising anyons, we have
θσ =
Rσσ1 +R
σσ
ψ
dσ
=
e−pii/8 + e3pii/8√
2
= epii/8. (2.41)
Similarly, as Rσσ = (Rσσ)∗, Rσ′σ = −Rσσ and Rσ′σ =
−(Rσσ)∗, we have θσ = θ∗σ = e−pii/8, θσ′ = −θσ =
e−7pii/8 and θσ′ = −θ∗σ = e7pii/8. Finally the spin of
the super-sector (E) is
θE =
1
dE
(
REE1 +R
EE
z +R
EE
ψ +R
EE
ψ
)
=
1
2
(
RE11 +REψ1 +RE1ψ +REψψ
)
= 1 (2.42)
which confirms that E = σσ is a boson.
Interestingly, we notice that the Ising fusion category
{1, ψ, σ0} with F -symbols (2.14) contains the Z2 sub-
category {1, ψ} with trivial F -symbols. We have now
exhaustively shown that the Drinfeld center arising from
the Ising fusion category gives the non-chiral Ising×Ising
phase. It is also known that the Drinfeld center for the
Z2 sub-category describes the Z2 toric code82. We can
thus induce a phase transition between the two topologi-
cal states by adding string tension terms that contribute
a local energy to the string type σ0. These terms do not
commute with the plaquette stabilizers, and in their “or-
dered” phase, when the string tensions are strong, they
confine all the Ising anyons and condense the bosonic
fermion pair z = ψψ (e.g. there is no longer an ex-
change phase Rzσσ = −1 to distinguish z from the vac-
uum). From this we see that the system flows to the Z2
toric code.
Since it will become important later, we note that the
gauging result will be altered if a Z2 SPT4,5 is stacked on
top of the toric code to form a composite system. The
SPT will not change the QP structure of the toric code,
but the non-trivial Z2 topological phase will modify the
defect F -symbols (2.14) by a sign, Fσσσσ → −Fσσσσ . This
sign is identical to the Frobenius-Schur indicator20,94 of
the Ising anyon, and has the same cohomological classi-
fication as the SPT itself (see Sec. III E and Ref.[27]). If
one repeats the Drinfeld construction with this compos-
ite system then the resulting Ising × Ising phase would
contain Ising anyons with spin h = 316 ,
5
16 ,
11
16 ,
13
16 instead
of h = 116 ,
7
16 ,
9
16 ,
15
16 . (For details, see Sec. V.) We will
see much more about this in the next section.
III. GENERAL GAUGING FRAMEWORK
In this section we present the general procedure to con-
struct new topological phases, which we refer to as as
twist liquids, by gauging the anyonic symmetries of an
underlying parent topological phase. In the previous sec-
tions, we showed how the electric-magnetic symmetry of
the toric code can be gauged, and that it results in the
Ising× Ising phase, where the e-m symmetry has become
a local gauge invariance. This can be generalized to ar-
bitrary topological phases with anyonic symmetries,20–27
i.e. topological phases with symmetry operations which
re-label the anyonic excitations, while keeping their fu-
sion and braiding properties unaltered. As we mentioned
earlier, these symmetries are non-local (do not confuse
the notion of local vs. global with acting locally vs. non-
locally as we mean here) because the long-range entan-
glement protects the topological charge of an anyon exci-
tation from being disturbed by any transformations that
only act locally within some neighborhood of the excita-
tion. We provide the general characteristics, and classi-
fication, of these symmetries in Section III A.
General anyonic symmetries heuristically resemble bro-
ken symmetries in a classical system, at least to some de-
gree20 For example, they preserve the form of the topo-
logical field theory action, but are broken by individ-
ual anyon labels. Similar to (2 + 1)D melting transi-
tions of ordered phases that restore broken symmetries by
vortex/defect proliferation,71–73 anyonic symmetries can
be gauged by promoting defects to quantum dynamical
fluxes. One can think of the extrinsic defects,20–37 be-
fore gauging, as generalized “disclinations” that “rotate”
the anyon labels of orbiting quasiparticles (QP) accord-
ing to some anyonic symmetry group element instead of a
point-group symmetry element. Although these defects
are semi-classical and static, they have well-defined fu-
sion rules, and form a complete fusion theory – referred to
as a defect fusion category20,21,27,60,84–87 in Section III B
– that extends the fusion structure of the original topo-
logical state. We will describe the general structure of
the defect fusion category in Section III B.
Once these defects become dynamical, a different topo-
logical phase is generated, i.e. a twist liquid. Twist
liquids are generalizations of (2 + 1)D discrete gauge
theories38–44. The quasiparticles in a twist liquid are
compositions of the fluxes and charges associated to the
gauged anyonic symmetry, as well as (super-sectors of)
the quasiparticles of the original topological state. We
give a detailed procedure for the accounting of all of the
anyons in the twist liquid and their individual quantum
dimensions. Furthermore, we arrive at the remarkable
result that the total quantum dimension of a twist liquid
increases from its initial value in the parent topological
state (with only global anyonic symmetry) by a factor
of |G|, the order of the anyonic symmetry group G (see
Eq. (3.92)). This implies that the topological entangle-
ment entropy68 in a disk-like spatial partition therefore
increases by log |G| after gauging. We will see that a
twist liquid is generically not a discrete gauge theory,
nor does it necessarily contain a discrete gauge theory as
a sub-sector. This is in spite of the fact that the under-
lying parent phase may be a discrete gauge theory, and
that we are gauging a discrete symmetry group on top of
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the underlying topological phase. These claims will be
illustrated in Section III C.
We will also show that the phase transition that drives
a globally symmetric parent state to a twist liquid (see
Eq. (1.2)) can be captured by an exactly solvable string-
net model proposed by Levin and Wen82. The model
is constructed using the fusion data provided by the de-
fect fusion category, and the output is a topological state
which contains the anyon content of a Drinfeld center
construction.83,84 We have already provided a simple ex-
ample of this construction for the toric code in the previ-
ous section. The general construction will be explained
in Section III D. In this model the phase transition is con-
trolled by tuning various string tensions which act to con-
dense charges and confine fluxes/defects. We postulate
that the the string-net model, in its deconfined phase,
always contains the twist liquid as a sub-sector, and that
the exact anyon data of the twist liquid of interest can
be determined using the relative Drinfeld construction
by solving a constrained set of 9-eq.’s. The reason why
mention the caveat that it might only be a sub-sector is
because the string-net construction always gives rise to
time-reversal invariant “doubled-theories”, and in some
cases the string-net model may provide the relevant twist
liquid and additionally an extra redundant time-reversed
partner of the parent state. This is especially true when
we deal with anyonic symmetric chiral states. When this
issue arises, the relative Drinfeld construction is invoked
to systematically remove the redundancy. In Section
III E we show that how families of twist liquids can arise
from the same parent state when combined with an SPT
phase protected by the same symmetry group as the AS
group of the parent phase. An important and instructive
list of examples will be demonstrated in Section IV, V,
VI and VII. In fact, on a first reading, since this section
is long and a bit complicated, it may be helpful to skip to
the examples section briefly to gain some intuition about
the nature of our construction and anyonic symmetries.
A. Anyonic symmetries
Before we introduce the general structure of anyonic
symmetry, we will begin by reviewing the effective Chern-
Simons description103,104 of Abelian topological phases
and their anyon relabeling symmetries. The topologi-
cal information – quasiparticle (QP) fusion and braid-
ing statistics – of an Abelian phase in (2 + 1)D can
be characterized by a quantum field theory Z[J ] =∫
[Dα(r)] exp(iS[J ]) involving an N -component set of
U(1) gauge fields α = (α1, . . . , αN ) with action
S[J ] = 1
4pi
∫
KIJα
I ∧ dαJ + αIJI (3.1)
where the K-matrix is integer-valued, symmetric, and
non-degenerate.
Quasiparticles ψa are sources for the currents
J a11 , . . .J aNN , and are labeled by N -dimensional integral
vectors a = (a1, . . . , aN ) on a lattice Γ
∗ = ZN . At long
distances, nearby quasiparticles combine to form single
entity and have a fusion structure. For Abelian theories
such as these, the quasiparticle fusion rules coincide with
lattice vector addition
ψa × ψb = a b = ψa+b, (3.2)
and since this is a topological theory, this is independent
of the details of the internal structure of its constituents.
The K-matrix dictates the braiding statistics of quasi-
particles. The braiding phase when dragging ψa once
around ψb is given by
DSab = a b = e2piiaTK−1b (3.3)
where D (= √|det(K)|) is the total quantum dimen-
sion. D is defined this way so that the D2-dimensional
S-matrix in Eq. (3.3) that characterizes anyon braiding
is normalized and unitary. The braiding phase is insen-
sitive to the exact paths of the deconfined quasiparticle
pair as long as the linking number of their world-lines is
unchanged.
The exchange statistics of a quasiparticle type is given
by the Abelian phase factor
θa = e
2piiha = a a = epiia
TK−1a. (3.4)
From the spin-statistics theorem, the exchange phase θa
is equivalent to the quasiparticle spin ha (mod 1) defined
by the phase gained when a single quasiparticle is rotated
by 2pi. The collection of local particles that do not con-
tribute any non-trivial braiding phases in (3.3) occupies
the sublattice Γ = KZN of the full anyon lattice, i.e. the
lattice formed by the image of the K-matrix. For sim-
plicity throughout this article, we will assume that all
K-matrices have even-integer diagonal entries so that all
local particles are bosonic with trivial statistics (3.4). At
zero temperature, the local bosons can condense, and the
topological state will contain a finite set of quasiparticle
types that are identified up to local bosons, ψa ∼ ψa+Kb.
These anyons are labeled by equivalence classes [a] in the
quotient group A = Γ∗/Γ = ZN/KZN , whose order (i.e.,
number of elements) counts the number of anyon types,
and is given by |A| = |det(K)|. It is also well-known that
the number of anyon types is equivalent to the ground
state degeneracy on a torus.113,114
A Chern-Simons description of a topological phase is
not unique. A K-matrix would encode the identical fu-
sion and braiding structure even after undergoing a basis
transformation: K → WKWT where W is an invertible
integer-valued matrix in GL(N,Z). There are special
transformations of this type, known as automorphisms,
that leave the K-matrix invariant
MKMT = K. (3.5)
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Each such transformation M corresponds to an anyonic
symmetry operation26 that permutes the anyons that
have the same fusion properties and spin/statistics:
(Ma)× (Mb) = M(a× b), θMa = θa. (3.6)
The collection of automorphisms forms a group
Aut(K) that classifies the global symmetries of the topo-
logical quantum field theory (3.1). Within Aut(K),
there lies a sub-collection of trivial basis transformations,
called inner automorphisms, that only rotate quasiparti-
cles up to local particles, N0a = a + Kb. They act
trivially on the anyon labels in A, and form a normal
subgroup Inner(K). We are interested in non-trivial
anyon relabeling actions, known as outer automorphisms.
These are classified by “taking out” the trivial inner au-
tomorphisms. Mathematically they live in the quotient
group
Outer(K) =
Aut(K)
Inner(K)
(3.7)
so that the basis transformations M and N correspond
to the same anyon relabeling action if they differ by an
inner automorphism, i.e. if N = MN0 where N0 is an
inner automorphism, then we say M is equivalent to N.
Most anyonic symmetries considered in this article can
be described within this simple framework. Additionally,
global anyonic symmetries are easy to identify as they are
common features of many topological phases. For exam-
ple, all topological phases have a conjugation symmetry
C : a→ a = −a, and all bilayer systems support a layer-
flipping symmetry that switches anyons living on oppo-
site layers. These both represent global anyonic sym-
metries that can be represented by this framework. A
glossary of the anyonic symmetries studied in detail in
this article can be found in Table II.
1. Global quantum symmetries
In general, exhausting all anyonic symmetries in a
Chern-Simons theory by evaluating Outer(K) can be a
combinatorically difficult task. Additionally, Eq. (3.7)
might not even contain all anyonic symmetries of an
Abelian topological state. For example, we will illus-
trate below that there are relabeling symmetries that
cannot be represented by an invertible matrix, and we
may also want to consider other non-trivial symmetries –
such as those of a symmetry protected topological phase
(SPT)4–10 – that do not relabel anyons. Moreover, the
concept of symmetry actually extends to non-Abelian
phases which do not have a K-matrix description. Thus,
a more abstract definition of anyonic symmetry is re-
quired to address these issues. Although the K-matrix
treatment would be sufficient in most cases studied in this
article, and for most apparent symmetries in ordinary
Abelian systems, we here outline the essential ingredients
in a more general setting for the sake of completeness,
Topological Anyonic Relabeling
Phase Symmetries Action
All phases Z2 conjugation a↔ a
Bi-layer systems Z2 bilayer a↑ ↔ a↓
(K = K↑ ⊕K↓) symmetry
Zk gauge theory Z2 e-m symmetry eamb ↔ maeb
(K = kσx)
SO(8)1 Triality permutation of
S3-symmetry fermions ψ1, ψ2, ψ3
Bi-layer toric code S3 × Z2 S3-permutation of
(SO(8)L1 × SO(8)R1 ) ψL/R1 , ψL/R2 , ψL/R3
Bi-layer ψLi ↔ ψRi
4-Potts Phase S3 permutation of
bosons {j1, j2, j3},
twist fields {σ1, σ2, σ3}
and {τ1, τ2, τ3}
TABLE II. Examples of anyonic symmetries in some topolog-
ical phases and their matrix representations. Details of these
topological phases and symmetries can be found in Section IV,
V, VI and VII.
and prospective future directions of study. We should
note that one class of systems where the anyonic symme-
tries have been tabulated is in bosonic Abelian fractional
quantum Hall (FQH) states with K-matrices given by
the Cartan matrices of the ADE series of Lie algebras.
In those cases the relevant anyonic symmetry groups are
equivalent to the set of spatial symmetries of the Dynkin
diagrams corresponding to each Lie algebra26.
Let us now give an example of a simple Abelian ex-
ample that falls outside of the K-matrix automorphism
paradigm (3.5). One such example is the U(1)6 state
with the single-component K-matrix K = 12. This is the
same as the bosonic Laughlin ν = 1/12 FQH state. Its
anyons are labeled by group elements [m] in the cyclic
group Z12 with spin/statistics θm = e2piim
2/24. Apart
from the conjugation symmetry that is represented by
the automorphism m→ −m, there is another hidden re-
labeling symmetry [m] → [5m].26,115 As 5 is relatively
prime with 12, the relabeling action is one-to-one and
onto. It preserves the fusion rules because multiplication
and addition are associative, and the action is two-fold
(i.e. squares to the identity) since 52 = 25 ≡ 1 mod 12.
The spin/statistics are unaltered since 52 = 25 ≡ 1 mod
24. However, unlike charge-conjugation (multiplying by
−1), transforming by multiplying by 5 is not an invert-
ible integer, and does not leave the K-matrix invariant
in (3.5).
In light of the above example, the automorphism con-
dition (3.5), and the requirement that a symmetry is
represented by an invertible integer-valued matrix, are
too strong. In a general topological phase B (a non-
degenerate braided fusion category20,60,84–87 to be pre-
cise), a symmetry operation is a bijective relabeling of
14
anyons M : B → B that renames a→Ma while preserv-
ing fusion and spin/statistics (3.6). Once this is satisfied
we can see that the invariance of mutual braidings is
a consequence of the ribbon identity that relates fusion,
twisting, and braiding:
θc =
b a
c
=
b a
c
= Rabc R
ba
c θaθb (3.8)
where Rabc R
ba
c is the gauge independent (2pi) braiding
phase between a and b with a fixed overall fusion chan-
nel c. Heuristically Eq. (3.8) holds because twisting the
overall quasiparticle c involves twisting its constituents
as well as rotating its internal structure. As a result, the
braiding S-matrix
Sab =
1
D
∑
c
dcTr
(
Rabc R
ba
c
)
=
1
D
∑
c
dcN
c
ab
θc
θaθb
(3.9)
is left unchanged by an anyonic symmetry, i.e. SMaMb =
Sab, where dc is the quantum dimension of the admissible
fusion channel c, and the trace is taken over the fusion
degeneracy Ncab.
Eq. (3.6), however, is not the only concern when deal-
ing with anyonic symmetries. In addition, the phase am-
biguity of a quantum state gives rise to the subtle pos-
sibilities of projectiveness of, and obstruction to, defin-
ing a global anyonic quantum symmetry operation. In
the Heisenberg picture, (local) quasiparticle operators116
transform according to
ψa → ψMa = MˆψaMˆ†, (3.10)
or equivalently, in the Schro¨dinger picture (local) quan-
tum states116 transform by
|a〉 → |Ma〉 = Mˆ |a〉. (3.11)
The unitary representation of symmetries could be pro-
jective in the sense that a trivial operation (or identity
auto-equivalence) could give rise to an Abelian phase fac-
tor (or natural isomorphism) that alters quantum states:
(̂MN)|a〉 = eiφM,N (a)MˆNˆ |a〉. (3.12)
An anyonic symmetry is thus not only characterized by
its relabeling operation a → Ma, but also a quantum
phase φM,N (a).
For example, let us take the bosonic Laughlin ν = 1/2n
FQH state. The corresponding U(1)n Chern-Simons
theory has 2n quasiparticles 1, e, . . . , e2n−1 with spins
θem = e
2piim2/4n. The Z2 conjugation symmetry flips
σ : em → e2n−m while preserving fusion and spin. There
are two inequivalent ways for the symmetry to act on
quantum states, and they are distinguished by the sign,
(−1)s, of the square of the conjugation operator
σˆσˆ|em〉 = eiφσ,σ(m)|em〉 = (−1)sm|em〉. (3.13)
Interestingly, the sign (−1)sm is identical to the braid-
ing phase DSesnem , and therefore the action σˆ2 is can be
physically interpreted as (and is equivalent to) a braid-
ing operation around the Abelian anyon esn. There are
consistency relations, which will be shown below, that
restrict the Abelian phase factor in (3.13). We can
already see here that the signs are important because
they are identified with the braiding phases involving the
self-conjugate anyon esn, which itself remains fixed un-
der the symmetry. As a result σˆ and σˆ2 commute, or
equivalently in this case, group associativity is preserved,
σˆ(σˆσˆ) = (σˆσˆ)σˆ.
Now we turn to a general topological phase B. Suppose
c is an Abelian anyon which can be split into a pair of
Abelian anyons a× b. In terms of quantum states, they
are related by a splitting state (defined in Ref. [20] and
reviewed in Appendix A).
|a× b〉 = Lˆabc |c〉, for Lˆabc =
[
ba
c
]
. (3.14)
Precisely, a splitting state is an equivalence class [Lˆ] of
local operators – think of string operators – that connect
|a×b〉 = Lˆ|c〉 for fixed anyons a,b, c. For abelian anyons,
the splitting state in (3.14) is a quasiparticle string c that
splits into a and b.
Eq. (3.12) dictates the projective symmetry action on
splitting states:
M̂N
[
ba
c
]
M̂N
†
= eiΦM,N (a,b,c)MˆNˆ
[
ba
c
]
Nˆ†Mˆ†
(3.15)
eiΦM,N (a,b,c) = ei[φM,N (a)+φM,N (b)−φM,N (c)]. (3.16)
Unlike the φM,N in Eq. (3.12), the projective phase ΦM,N
between splitting states (or local string operators) in
(3.15) is actually a fixed physical quantity. Associativity
of symmetries
̂(LM)N = L̂(MN),
L̂MN - L̂MN̂
LˆM̂N
?
- L̂M̂N̂
?
(3.17)
when applied to splitting states requires the triviality of
dΦL,M,N = N · ΦL,M − ΦL,MN + ΦLM,N − ΦM,N = 0
(3.18)
mod 2piZ, where N ·ΦL,M (a,b, c) ≡ ΦL,M (Na, Nb, Nc).
Hence, quantum anyonic symmetries are specified by (i)
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the anyon relabeling group G, and (ii) the physical pro-
jective phases ΦM,N obeying the associativity condition
dΦL,M,N = 0 (mod 2piZ).
The phases φM,N defined in (3.12) are, however,
representation-dependent and unphysical. In particular,
a new representation would change φM,N → φM,N +
δφM,N , but since the physical phase in (3.15) is fixed,
the change of phase must respect the fusion rule
δφM,N (c) = δφM,N (a) + δφM,N (b) (3.19)
modulo an integer multiple of 2pi, given c = a × b. For
all examples we will consider later, the phases ΦM,N are
trivial and thus the φM,N themselves respect the fusion
rules (3.19). However we will see later that there are
non-trivial cases where this is not true.
In mathematical terms, a δφM,N respecting (3.19)
is a group homomorphism from the group of Abelian
anyons B× to the group of phases U(1), i.e. δφM,N ∈
Hom(B×, U(1)) ∼= B×. If the parent topological phase is
Abelian, then one can make a correspondence between
δφM,N and a unique Abelian anyon pM,N so that the
phase difference
eiδφM,N (a) = apM,N = e2piia
TK−1pM,N (3.20)
represents a braiding phase.
Now, to continue with our classification of the quantum
anyonic symmetries we note that there are further con-
straints on the phases φM,N , as well as some redundan-
cies. First, associativity of the symmetries (3.17) when
applied to local anyon states |a〉 requires the (mod 2piZ)
triviality of
dφL,M,N = N · φL,M − φL,MN + φLM,N − φM,N (3.21)
where N · φL,M (a) ≡ φL,M (Na). dφL,M,N = 0 (mod
2piZ) is known as a 2-cocycle condition (also see (3.32)
below). Second, one can redefine the state basis by a
phase
|Ma〉′ = eiϑM (a)Mˆ |a〉′. (3.22)
A set of basis redefinitions is consistent if it leaves the
splitting states (i.e. string operators) in (3.14) invariant.
This means that, like δφM,N in (3.19), ϑM also respects
the fusion rule
ϑM (c) = ϑM (a) + ϑM (b) (3.23)
mod 2piZ if a × b = c. This basis redefinition would
modify φM,N → φM,N + dϑM,N by the 2-coboundary
dϑM,N = N · ϑM − ϑMN + ϑN (3.24)
where N · ϑM (a) ≡ ϑM (Na). Real physical properties
should not be sensitive to basis transformations, and
therefore different phase characterizations φM,N should
be identified if they differ by coboundaries. With these
considerations in hand we are ready to classify the pos-
sible anyonic symmetries.
a. Classification of quantum symmetries The physi-
cal projective phases ΦM,N on splitting states (see (3.15)
and (3.18)) can be generated by inequivalent projective
phases φM,N on local anyon states (see (3.12) and (3.16)).
We will now classify these inequivalent possibilities. As-
sociativity of the quantum symmetries requires (3.21) to
be trivial, and the difference between any two phases
δφM,N = φM,N − φ′M,N now also satisfies associativity,
i.e. dδφL,M,N = 0 mod 2pi where dδφL,M,N is defined
by replacing the φ’s in (3.21) by δφ’s. The collection
of such phase differences forms the group of 2-cocycles
Z2(G,B×), where G is the symmetry group and B× is
the group of Abelian anyons.117
The basis ambiguity/redundancy (3.24) can be re-
moved by identifying cocycles that differ by basis redefi-
nitions
[δφ] = [δφ+ dϑ] . (3.25)
The change of basis dϑ forms the group of coboundaries
B2(G,B×). The equivalence classes (3.25) belong to the
second cohomology group,118,119 which is defined to be
the quotient
H2(G,B×) = Z
2(G,B×)
B2(G,B×) . (3.26)
(Notice, in general, G acts non-trivially on B× by anyon
re-labeling.) This classifies quantum symmetries. Or to
be precise, quantum symmetries are torsors over the co-
homology so that the difference between any two quan-
tum phase characterizations δφ = φ − φ′ is an element
in H2(G,B×). To avoid begin overly pedantic, we here
will assume Φ in (3.15) is trivial and treat φ as if it is
a cohomological element itself instead of worrying about
the distinction between φ and δφ.
Interestingly the presence of the Abelian anyons B×
themselves actually extends the global symmetry group
such that
G = Ĝ/B×. (3.27)
This, in many ways, mimics the extension of a rotation
point group by the set of translations to form a space
group. The anyon relabeling symmetry G acts as the
“rotations” a → Ma, while the set of Abelian anyons
can act on themselves by “translations” a→ a× b. The
full quantum symmetry group incorporates both.
The simplest case of this type of extension is a semi-
direct product Ĝ = GnB× whose elements are of the form
of a 2-tuple (Mˆ,a) so that group multiplication is given
by (M,a) · (N,b) = (MN,a + Mb). While this obeys
the definition (3.27) of a group extension, the assumption
that the relabeling group G is an honest subgroup of the
quantum symmetry Ĝ is too strong. In general, group
multiplication is modified by
(M,a) · (N,b) = (MN,a+Mb+ pM,N ) (3.28)
where pM,N corresponds uniquely to the projective phase
φM,N (see (3.20)). The second cohomology H
2(G,B×)
16
measures the failure of G being a subgroup, and thus Ĝ
being a semi-direct product as well.
In the special case when the symmetry group G acts
trivially on the anyon labels in B×, that is, when we
just have a conventional global symmetry for example,
it extends to a projective symmetry group (PSG).120 In
this case it is known as a central extension of G by B× –
or in Wen’s original description the invariant gauge group
(IGG)120 – so that the set of Abelian anyons B× sit in
the center of Ĝ and commute with all group elements.
In this paper we are focused instead on symmetries that
permute anyons. The quantum symmetry group Ĝ is now
a non-central extension, and is not Abelian, even when G
is. Thus, we see that non-trivial quantum symmetries are
the analog of non-symmorphic space groups,121 and we
will call them non-symmorphic symmetry groups (NSG)
to distinguish them from PSG.
In the examples listed in Table II, only one symmetry
group can be extended non-symmorphically into a quan-
tum symmetry. This is because all of them, except one,
has trivial cohomology, i.e. H2(G,B×) = 0, and thus,
there is a unique way of quantizing the anyon relabel-
ing symmetry. The conjugation symmetry a → a = −a,
however, supports multiple inequivalent quantum vari-
ations in general. We have demonstrated this by con-
sidering the bosonic Laughlin ν = 1/2n state, where its
conjugation symmetry necessarily squares to a possible
sign choice in (3.13) due to the cocycle condition (3.21).
The non-trivial second group cohomology118,119
H2(Z2,Z2n) = Z2 (3.29)
suggests there are two inequivalent NSG’s and they are
characterized by the sign in (3.13).
The Laughlin 1/2-state is a non-generic example in
this series of states. It has anyon content {1, e}, but the
e quasiparticle is self-conjugate, and the anyon relabeling
action is trivial. The quantum symmetry group is a PSG
in this case, and there are two possibilities – the trivial
extension Ĝ = Z2 × Z2 and the projective one Ĝ = Z4.
The difference between these symmetries leads to distinct
“twist liquids” after gauging. We will see the former is
gauged to a Z2 gauge theory which is decoupled from the
Laughlin state, while the latter forms the strong-paired
state which is equivalent to the Laughlin 1/8-state (or the
U(1)4-state). We will see this in Section VII. The quan-
tum conjugation symmetries in all other filling fractions
are not PSG’s but non-Abelian NSG’s. For instance,
the trivial conjugation in the Laughlin 1/4-state has the
quantum symmetry group Ĝ = Z2 n Z4 = D4, the dihe-
dral group, while the non-symmorphic conjugation has
the group structure Ĝ = Q8 = {±1,±iσx,±iσy,±iσz} of
the unit quaternions.
Finally, let us go back to consider the richer G = Z2×
Z2 symmetry in the Laughlin ν = 1/12 state, where the
first Z2 is the conjugation symmetry σ : em → e−m, and
the second Z2 is the hidden symmetry τ : em → e5m. The
cohomology H2(Z2 × Z2,Z12) = Z32 suggests there are 8
inequivalent ways the symmetries can act on quantum
states. They are specified by the three phases:
σˆσˆ|em〉 = (−1)s1m|em〉, τˆ τˆ |em〉 = is2m|em〉 (3.30)
σˆτˆ |em〉 = (−1)s3mτˆ σˆ|em〉 (3.31)
where s1, s2, s3 = 0, 1. A sign in the τˆ
2 phase can be
absorbed by a basis transformation (3.22) and there-
fore is2m and (−i)s2m are equivalent representations.
Eq. (3.31) demonstrates the possibility that quantum
symmetries do not necessarily commute, even if they ap-
pear to do so at the level of the anyon relabeling opera-
tions.
b. Obstruction to quantum symmetries Obstruction
to a consistent quantum symmetry comes from the fail-
ure of associativity (3.17). This arises from non-trivial
physical projective phases ΦM,N on splitting states (see
Eq. (3.15)). Even if these phases are associative and obey
dΦ = 0 (see Eq. (3.18)), there might not exist consis-
tent projective phases φM,N on local anyon states (see
Eq. (3.12)) to generate ΦM,N by (3.16). Here we classify
these obstructions.
Let us take a look at associativity. There are multi-
ple ways of boot-strapping the action of three symmetry
operations LMN on local anyon states:
L̂MN
eiφLM,N- L̂MN̂
LˆM̂N
eiφL,MN
?
eiφM,N- L̂M̂N̂ .
eiN ·φL,M
?
(3.32)
A consistent theory should not depend on the path taken
in (3.32), i.e. dφ defined in (3.21) should be trivial. This,
in general, might not be achievable because of the fixed
non-trivial physical phase factor on splitting states (or
local string operators):
ΦM,N (a,b, c) = φM,N (a) + φM,N (b)− φM,N (c) (3.33)
mod 2piZ for a× b = c.
For example, let us take the U(1)n-state with 2n
Abelian anyons A = {[ep] : [p] ∈ Z2n}, where [p] =
[p + 2n] and 1 = e0 is the vacuum. This topological
state is identical to the Laughlin ν = 1/2n FQH state
with quasiparticles ep, for −∞ < p < ∞, so that e2n
is the fundamental local boson, and ep, ep+2n belong to
the same anyon type [ep]. The Z2 = {1, σ} conjuga-
tion symmetry switches σ : ep ↔ e−p. This symmetry
could seemingly be projectively represented at the split-
ting state level (3.15) with Φ1,1 = Φ1,σ = Φσ,1 = 0 and
eiΦσ,σ(e
p,eq,er) = (−1) p+q−r2n ∈ Z2 (3.34)
for p + q ≡ r mod 2n so that [ep] × [eq] = [er]. For this
choice, the physical phases ΦM,N are associative, i.e. they
obey (3.18), and are generated by (3.33) using the pro-
jective phases eiφ1,1 = eiφ1,σ = eiφσ,1 = 1 and
eiφσ,σ |ep〉 = e2pii p4n |ep〉 (3.35)
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on local anyon states (3.12). For instance, the symmetry
differentiate the fundamental local boson from the vac-
uum so that σˆ2|e2n〉 = −|e2n〉. However, these φ phases
violate associativity since
dφσ,σ,σ(e
p) = −2pi p
2n
6= 0 (3.36)
mod 2piZ (see Eq. (3.21)).
In general, given a set of projective phases φM,N that
generate the physical ΦM,N by (3.33), the obstruction
dφL,M,N defined in (3.21) must respect fusion rules al-
though φM,N in general does not. [For instance in (3.35),
φσ,σ(e
n)+φσ,σ(e
n) = pi is not identical to φσ,σ(e
n×en) =
φσ,σ(e
0) = 0.] This is because
dφL,M,N (a) + dφL,M,N (b)− dφL,M,N (c)
= dΦL,M,N (a,b, c) = 0 (3.37)
mod 2piZ for a × b = c (see (3.18)). Moreover, it is
straightforward to show dφL,M,N is d-closed
ddφK,L,M,N =N · dφK,L,M − dφK,L,MN
+ dφK,LM,N − dφKL,M,N + dφL,M,N = 0
(3.38)
mod 2piZ, where N · dφK,L,M (a) = dφK,L,M (Na). The
collection of obstructions dφ that respect fusion (3.37)
and the d-closed condition (3.38) forms the group of 3-
cocycles Z3(G,B×).117
Now, the projective symmetry will have a consistent
quantum representation if the phases φM,N in (3.12)
can be redefined via φ′M,N = φM,N + δφM,N (without
modifying the overall physical phase ΦM,N in (3.15) and
(3.33)), such that dφ′L,M,N = 0 mod 2piZ. The differ-
ence δφM,N must respect fusion as discussed in (3.19).
In general it modifies the obstruction by a 3-coboundary
dφ′L,M,N = dφL,M,N + dδφL,M,N where dδφ ∈ B3(G,B×)
is defined by replacing φ in (3.21) by δφ. Similar to the
classification of quantum symmetries by the second co-
homology (3.26), obstructions are therefore classified by
equivalence classes
[dφ] = [dφ+ dδφ] (3.39)
in the third cohomology group118,119
H3(G,B×) = Z
3(G,B×)
B3(G,B×) . (3.40)
Again, G acts non-trivially on B× if it relabels anyons.
The cohomology class [dφ] is entirely a property of the
physical phase ΦM,N (a,b, c) on splitting states (3.15),
and is independent of the solution for φ to (3.33). When
it is trivial, the obstruction dφL,M,N is identical to some
coboundary dδφ, and can be removed by a redefinition
φ′ = φ+ δφ such that dφ′ = 0, and hence an associative
projective representation (see Eq. (3.17)) exists, even at
the local anyon state level (3.12). On the contrary, if [dφ]
is cohomologically non-trivial, then the obstruction is ir-
removable. In this case, projective symmetries cannot be
associatively defined at the local anyon state level (3.12),
despite the fact that they are associative at the split-
ting state level (3.15). For example, the projective Z2-
symmetry (3.34) for the U(1)n-state cannot be extended
to local anyon states. This is because the obstruction
in (3.36) belongs to the non-trivial cohomology class in
H3(Z2,Z2n) = Z2.118,119
Beyond this discussion of classification, we will not fur-
ther investigate anyonic symmetries that exhibit obstruc-
tions to quantum representations in this article. The ab-
sence of an obstruction can be ensured by requiring that
the phases φM,N themselves respect fusion, or equiva-
lently, that the quantum operators M̂N and M̂N̂ act
identically on splitting states so that ΦM,N (a,b, c) = 0.
This requirement applies to all symmetries listed in Ta-
ble II. We suspect this requirement could fail on the sur-
face of certain 3D SPTs, where surface topological order
could give rise to a non-trivial obstruction to the quan-
tum symmetry. We leave discussions of this to future
work.
B. Defect fusion category
Now that we have classified anyonic symmetries we
will proceed to the construction of the defect fusion cate-
gory, i.e. the object that serves as the input for the twist
liquid state. Let us start by reviewing some recent de-
velopments in the theory of twist defects in topological
phases.20–37 A twist defect is a semiclassical topological
point defect (with an attached branch-cut) labeled by
an anyonic symmetry M . It is characterized by its ac-
tion on anyons that encircle the defect. A quasiparticle
will change type according to the symmetry operation
M : a → Ma when it travels once, counter-clockwise,
around the defect (see Fig. 4). In a system with a finite
number of defects, there exists a quasi-global definition
of anyon labels that covers the system almost everywhere
in space except along certain branch cuts between defects
where the anyon label definition changes (see Fig. 4).
Unlike anyonic quasiparticles, topological twist defects
are not dynamical excitations of a quantum Hamiltonian.
They are classical configurations or textures that vary
slowly away from the defect points/cores. For example,
in the absence of vortices the phase of an s-wave super-
conductor order parameter is locally uniform, but the
phase winds by 2pi around a flux vortex. A distortion in
the defect texture in two dimensions usually generates a
confining potential between defect partners that grows at
least logarithmically in their separation. Therefore, one
would not expect unbound defect pairs to appear spon-
taneously at long length scales.
In many example models, topological order and dis-
crete spatial order are intertwined, especially in lattice
spin or rotor models with topological order. In these
cases, twist defects can manifest themselves as lattice
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defects such as dislocations and disclinations. For ex-
ample, a dislocation in the toric code20,22,30 (see Sec-
tion II A) switches the anyon type e ↔ m of a quasi-
particle after it travels once around the dislocation22.
Other examples include the defects in the Zk plaquette
model of Wen23,32,37, the Kitaev honeycomb model20,33
and the color code model25,29. Twist defects can also
capture the fusion properties of parafermionic zero modes
trapped at domain walls of fractional quantum spin Hall
edges51–55. We will not focus on the realization of such
defects, but instead we are interested in their fusion
characteristics.25–27,37
+
+ + +aMa
FIG. 4. Twist defects (crosses) connected by arbitrary branch
cuts (curvy lines) where a passing anyon changes type a →
Ma according to an anyonic symmetry M .
Now we will move on to define and discuss the gen-
eral defect fusion category structure. The fundamen-
tal objects in this semiclassical description are defect-
quasiparticle composites denoted by Mλ, where M is an
anyonic symmetry element in G associated to the defect,
and λ is a species label representing the equivalence class
of the anyon charge bound at the defect-quasiparticle
composite. For example, λ could specify the fractional
electric charge carried by a twist defect in a FQH state,
or more general anyonic charges. Additionally, a species
label can change, or mutate, when the defect is fused with
a quasiparticle. For example,
a×Mλ = Mλ × a = Mλ′ . (3.41)
In general, the species label can be statistically distin-
guished by a Wilson loop measurement via dragging
a quasiparticle, a, p times around the defect, where
Mpa = a. For instance, the two species of dislocations
in the toric code give distinct phase factors under the
double Wilson loop operator Θ in Fig. 2(b), which is well
defined since the anyonic symmetry is twofold.
In general, the globally (anyonic) symmetric par-
ent topological state is equipped with a braided fusion
category20,60,84–87 B which contains all the fusion and
braiding data of the quasiparticles. A defect fusion
category21,25,27,37 is a G-graded extension
C =
⊕
M∈G
CM (3.42)
containing C1, i.e. the fusion data of B itself, which cor-
responds to 1, i.e. the identity group element. Each
other sector CM is generated by twist defects associated
to the anyonic symmetry M with different species labels.
A quasiparticle encircling two defects associated to sym-
metries M and N is relabeled by the combination MN .
Group multiplication is therefore carried over to defect
fusion
CM × CN −→ CMN (3.43)
and does not in general commute when G is non-Abelian.
As an example, the defect fusion category of the toric
code has C1 = 〈1, e,m, ψ〉 and Cσ = 〈σ0, σ1〉, where Z2 =
{1, σ} is the electric-magnetic anyonic symmetry group.
Additionally, defect fusion respects group multiplication.
For instance, the Ising fusion rule σ0 × σ0 = 1 + ψ is
consistent with the requirement that Cσ × Cσ → C1 ac-
cording to the twofold group structure σ2 = 1. More-
over, the quasiparticle sector C1 acts transitively on the
defect sectors Cσ and gives rise to distinct species labels
e × σλ = m × σλ = σλ+1. In a general defect theory,
the quasiparticle sector C1 is always closed under fusion,
C1 × C1 → C1, and it acts on individual defect sectors
C1 × CM −→ CM , CM × C1 −→ CM (3.44)
by combining with the defects to form defect-
quasiparticle composites. Mathematically, each defect
sector CM is known as a C1-bimodule (like a C1-vector
space) and is equipped with associative “vector addition”
and “scalar multiplication” operations such as σ0 +σ1 =
(1 + e)× σ0 and e× (m× σ0) = (e×m)× σ0 = σ0.
1. Defects in an Abelian parent state
Defect species can be described more explicitly if the
globally (anyonic) symmetric parent topological state is
Abelian, and we will focus on this case for now. In a
K-matrix description (3.1), Abelian quasiparticles are la-
beled by an anyon lattice A = ZN/KZN with lattice ad-
dition reflecting the fusion rule ψa×ψb = ψa+b. Species
of twist defects associated to an anyonic symmetry oper-
ation M can be labeled by the quotient lattice26,37
AM = A
(1−M)A . (3.45)
This is because combining a defect with quasiparticles
that are related by the symmetry should give the identi-
cal defect-quasiparticle composite:
Mλ = ψ
l ×M0 = ψl+(M−1)b ×M0. (3.46)
This can be diagrammatically explained by comparing
topologically equivalent quasiparticle string patterns of
the composite object:
+
+=
l +Mb− b
l
l
b
Mb
(3.47)
where the l QP string attached to the defect Mλ can be
modified to l + Mb − b by splitting off a b QP and
19
letting it orbit once around the defect. This process
cannot change the defect specices λ as it cannot be de-
tected by any Wilson measurements. For the toric code,
A = {1, e,m, ψ} = Z2 ⊕ Z2 and (1− σ)A = {1, ψ} = Z2.
The quotient is thus Cσ = Z2⊕Z2/Z2 = Z2 and contains
the two species of twist defects σ0, σ1.
a
+ +
b
+ +
a
b
a
+ +
σ σ
b
aMb
Mb
Mb
a = (1−M)b
FIG. 5. Fusion of a pair of (bare) defects associated to oppo-
site anyonic symmetries M and M−1.
Next we consider the fusion of a conjugate defect pair,
but allowing for the possibility of different species labels
on each defect. They can be diagrammatically repre-
sented by point defects with canceling branch cuts (see
Fig. 5). Their fusion outcome must be a trivial defect,
i.e. an Abelian quasiparticle (in C1), because of their
trivial overall relabeling action to anyons encircling the
pair of defects. The overall fusion channel depends on
how quasiparticle strings are hung between the defects.
Fig. 5 shows the general admissible string configurations
that are irremovable when the defects fuse together. The
overall open string contributes a = (1 −M)b to the fu-
sion channel of the defect pair. In other words, there is a
one-to-one correspondence between the admissible fusion
channels and the anyon sublattice (1−M)A. This leads
to the fusion rule structure
Mλ ×Mλ′ = e×
∑
a∈(1−M)A
a (3.48)
where Mλ′ is a defect conjugate to Mλ associated to the
inverse symmetry M−1, and e is some Abelian quasipar-
ticle that depends on the species labels λ, λ′ as well as the
projective phase φM,M−1 in Eq. (3.12). Each defect, in
general, is attached to a quasiparticle string l that reflects
its species label λ (see Eqs. (3.46) and (3.47)). Hence,
the quasiparticle strings l and l′ of the defects Mλ and
Mλ′ reflect their species labels. Both strings contribute
to the fusion outcome in (3.48), and are encapsulated by
the anyon label e. Given a fixed species label, the choice
of l and l′ is not unique, however the choice does not af-
fect the overall outcome since all anyons in (1−M)A are
summed over in (3.48). The effect of the projective phase
φM,M−1 from possible non-symmorphic symmetries will
be discussed in Section III B 3. Hence the precise form of
the QP e will be presented later in Eq. (3.58).
Since Abelian quasiparticles have unit quantum dimen-
sion, and defects with different species labels are related
by absorbing or emitting Abelian quasiparticles (3.41),
all defects in the same sector CM must share identical
quantum dimension dM . [This is not true if the globally
symmetry parent state is non-Abelian. An example is
shown for a chiral state we call the “4-Potts” state in
Section VII.] Moreover, since conjugate objects in a fu-
sion theory must carry identical quantum dimension, we
have dM = dM . By equating the quantum dimensions on
both sides of Eq. (3.48), each defect carries a dimension
of
dM =
√
|(1−M)A|. (3.49)
This number determines the ground state degeneracy
of a system of N defects in the thermodynamic limit,
G.S.D. ∝ (dM )N for N → ∞. For example, twist de-
fects in the toric code satisfy σλ × σλ = 1 + ψ and have
quantum dimension dσ =
√
2.
The total quantum dimension of the defect fusion cate-
gory is defined so that it squares to the sum of the squares
of the dimensions of all the simple objects in C:
Ddefect ≡
√∑
M∈G
∑
λ∈AM
d2M = D0
√
|G| (3.50)
where we note that sum also contains the the trivial iden-
tity element of G, D0 =
√|A| is the total quantum di-
mension of the globally symmetric Abelian parent state
without considering defects, and | ∗ | is the number of
elements in ∗. Eq. (3.50) can be proven by seeing that
all defect sectors CM have identical total dimension.∑
λ∈AM
d2M =
∣∣∣∣ A(1−M)A
∣∣∣∣× |(1−M)A| = |A| (3.51)
where the quotient accounts for the number of defect
species λ (see Eq. (3.45)) and its denominator cancels
d2M (see Eq. (3.49)). A proof of Eq.(3.50) by a general
argument that applies even to non-Abelian parent states
can be found in Ref. [27].
2. Basis transformations for defect states
Just as the case when non-Abelian anyons are present,
the (ground) states of a system of defects can be labeled
by the quantum numbers of a maximal set of commut-
ing Wilson-line observables, whose eigenvalues are asso-
ciated to the internal fusion channels and vertex degen-
eracies of a fusion tree (see Fig. 6). Examples of this
type of representation were demonstrated for the defect
states in the toric code above (see Section II A and Ap-
pendix B). For instance, quantum states in a system
of four Ising defects (or zero energy Majorana bound
states) σ1, σ2, σ3, σ4 can be labeled by the commuting
local fermion parities {(−1)F12 , (−1)F34} of pairs of zero
modes. They label the fusion channels 1 or ψ of σ1 × σ2
and σ3×σ4. Different fusion trees correspond to distinct
sets of Wilson operators that may not commute. Each
tree defines a complete basis for the degenerate ground
states, and basis transformations between different fu-
sion trees are generated by the F -symbols (see Fig. 6).
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They are defined in Eq. (A5) and (A6). Continuing with
our example, quantum states of the four Ising defects
in the toric code can also be labeled by a different set
of local fermion parities {(−1)F23 , (−1)F41}, which does
not commute with the original. Basis states with respect
to these two sets of local observables are related by the
transformation Fσσσσ in Table I.
... ...
+ + + +
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µ1µ2µ3µ4
... ...
+
+ +
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x3 y2 x1
µ1µ4 ν2
ν3
λ4 λ3 λ2 λ1
λ3 λ2
λ4 λ1
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+
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x3 y2 y1
µ4 ν1
ν3
λ3 λ2
λ4 λ1
ζ2
|x3x2x1;µ4µ3µ2µ1〉
|x3y2x1;µ4ν3ν2µ1〉
|x3y2y1;µ4ν3ζ2ν1〉
F F
FIG. 6. Basis transformation of defect states by composi-
tion of fundamental F -moves. λi are defect objects, xi, yi are
admissible internal fusion channels, and µi, νi, ζi label vertex
degeneracies.
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FIG. 7. The pentagon equation.20 Summation is taken over
the internal anyon label e. Vertex labels are suppressed.
The overall basis transformation between any two fu-
sion trees, or maximally commuting sets of observables, is
independent of the sequence of F -moves in between. This
cocycle consistency condition is ensured by the pentagon
equation “FF = FFF” (see Fig. 7) and MacLane’s co-
herence theorem (see Refs. 20 and 122). As mentioned
earlier, instead of solving the algebraic pentagon equa-
tion, the F -matrices can be more efficiently computed di-
rectly from their definition.25,37 This is done by choosing
a particular set of splitting states [Lxyz ] for an admissible
fusion process x×y → z. Each state can be diagrammat-
ically represented by quasiparticle Wilson strings around
x and y with fixed boundary conditions associated to the
fusion outcome z. An example of this is given for de-
fects in the toric code (see Fig. 16 in Appendix B). In
fact the string configuration in Fig. 5 can also be treated
as a choice of splitting state for a conjugate pair of bare
defects in a general Abelian system.
In general, different fusion trees (see Fig. 6) will as-
sociate different quasiparticle string patterns around de-
fects. From these trees, the F -symbols can be evalu-
ated from their definition by overlapping quasiparticle
strings between two fusion trees, keeping track of cross-
ing phases when strings intersect, and condensing triv-
ial quasiparticle loops into the condensate. An illustra-
tion for the transformation matrix Fσσσσ can be found
in Appendix B. In general, defect F -symbols can be de-
rived based on the known quasiparticle braiding informa-
tion and the F -symbols of the globally symmetric parent
topological state. More examples will be considered in
Section IV, V, VI and VII.
3. Classification and obstruction of defect fusion categories
In Section III A 1, we have discussed the phase am-
biguities in the representations of quantum symmetries
that operate projectively on quantum states. The phase
difference φM,N (a) between the individual symmetry op-
erations MˆNˆ and the combined operation M̂N on the
state |a〉 (see Eq. (3.12)) leads to non-symmorphic quan-
tum symmetries which are classified by the cohomology
group H2(G,B×). One reason we were so careful with
this classification is that, as hinted in Eq. (3.48), the
projective phases φ affect defect fusion, i.e. they affect
the result of taking two independent anyonic symmetry
operations Mˆ, Nˆ and then fusing them to form M̂N.
+ +
a
(1)
(2)
M N
MN
+ +
a
M N
MN
(2) – (1)
pM,N pM,N
MNa
FIG. 8. (1) and (2) are trajectories of an Abelian anyon a
around two defects associated to the anyonic symmetries M
and N . The difference between the two paths (2)− (1) brings
a around the tri-junction of branch cuts.
Let us assume there is no obstruction to a consis-
tent representation of the quantum symmetries, and for
simplicity we assume that the projective phases φM,N
themselves respect the fusion of Abelian anyons, i.e.
φM,N (c) = φM,N (a) + φM,N (b) mod 2piZ if a × b = c.
Now, let us consider a pair of defects associated with sym-
metries M and N respectively. Under fusion M ×N →
MN , and during this process their branch cuts join at a
tri-junction represented by the orange blob in Fig. 8. The
projective phase φM,N (a) can be physically interpreted
as the phase difference between two different trajecto-
ries of an anyon a: (1) a path that encloses the defects
individually and (2) a path that encloses the full pair af-
ter fusion. As an abelian anyon a is dragged along the
path, the quantum state |a〉 is acted upon by a quantum
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symmetry operation every time it passes across a branch
cut. As a result, there is a phase difference of eiφM,N (a)
between the two as seen in Eq. (3.12). Since the dif-
ference between path (1) and (2) is a loop around the
tri-junction where the branch cuts meet (see Fig. 8), the
phase difference can be regarded as the braiding phase
eiφM,N (a) = apM,N = e2piia
TK−1pM,N (3.52)
between the quasi-particle a and another Abelian quasi-
particle pM,N trapped at the tri-junction (see Fig. 8).
This physical interpretation of the projective phase al-
ways holds when the globally symmetric parent state is
Abelian and the projective phase φ respects fusion. A
more careful treatment might be required for general sce-
narios, but will not be presented in this article.
+ +
M N
MN
pM,N
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M N
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+ +
M N
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a = a1 + a2 pM,N
l1 l2
l1 + l2
(a) (b) (c)
Nb2Mb1
b1 b2
FIG. 9. The three contributions to the overall species label
after the fusion of two defects M ×N →MN .
Defect fusion rules CM × CN → CL, for L = MN , in
an Abelian topological parent state A take the following
general form
Mλ1 ×Nλ2 = eM,Nλ1,λ2 ×
∑
λ∈AM,NL
NM,NL Lλ. (3.53)
Here Mλ1 , Nλ2 , Lλ are defects associated to the symme-
tries M,N,L each with their own species labels λ1, λ2, λ3
living in the quotient lattices AM ,AN ,AL defined in
(3.45) respectively. The quantity eM,Nλ1,λ2 is an Abelian
quasiparticle to be discussed below. The admissible fu-
sion channels range over a restricted set AM,NL of species
labels λ. Additionally, a fusion channel can be degenerate
so that there are multiple ways for the defects Mλ1×Nλ2
to fuse into eM,Nλ1,λ2×Lλ. This degeneracy is accounted for
through the non-negative integer NM,NL , which does not
depend on defect species.
As we will now describe, the allowed fusion channels
can be understood diagrammatically as in Fig. 9. Fig-
ure 9(a) shows all possible quasiparticles a that can
be attached to the fused defect MN without modify-
ing the initial species labels of its components M and
N . This means that we can write a = a1 + a2 =
(1 −M)b1 + (1 − N)b2 for some anyon lattice vectors
b1,b2 in A. Thus, the quasiparticle a belongs to the sub-
lattice (1−M)A+(1−N)A. The admissible species labels
λ in (3.53) are restricted to the quotient
AM,NL =
(1−M)A+ (1−N)A
(1−MN)A (3.54)
since a ≡ a + (1 − MN)b corresponds to an iden-
tical species label for the combined defect MN (see
Eq. (3.45)).
The fusion degeneracy NM,NL of each admissible chan-
nel Mλ1 × Nλ2 → eM,Nλ1,λ2 × Lλ is illustrated through the
Wilson-loop algebra of closed quasiparticle strings be-
tween the defects. These closed Wilson loops are gen-
erated by the set of strings in Fig. 9(a), where a =
a1 +a2 ≡ 0. The set of Wilson operators do not necessar-
ily commute due to possible non-trivial crossing phases,
and they can form a non-Abelian Wilson algebra. An
irreducible representation of this algebra corresponds to
a NM,NL -fold degenerate ground state. The total degen-
eracy can be evaluated by equating the quantum dimen-
sions of both sides of Eq. (3.53):
dMdN = NM,NL dL
∣∣∣AM,NL ∣∣∣ (3.55)
where AM,NL , the group defined in (3.54), has order∣∣∣AM,NL ∣∣∣ = ∣∣∣∣ (1−M)A⊕ (1−N)A(1−M)A ∩ (1−N)A
∣∣∣∣× 1|(1−MN)A|
=
d2Md
2
N
d2L
× 1|(1−M)A ∩ (1−N)A| . (3.56)
Thus, the fusion degeneracy is
NM,NL =
dL
dMdN
|(1−M)A ∩ (1−N)A| . (3.57)
Such defect fusion degeneracies have been observed for Z3
symmetric states26,37. Other examples will be presented
for the SO(8)1 state and the chiral “4-Potts” state in
Sections VI and VII respectively.
Next we want to determine the Abelian anyon attached
to each fusion channel. Fig. 9(b) shows the contribu-
tion to the overall species label from non-symmorphic
quantum symmetries. As seen in Eq. (3.52), and Fig. 8,
the projective phase difference eiφM,N between individual
and combined quantum symmetries MˆNˆ and M̂N cor-
responds to an Abelian anyon pM,N at the tri-junction
of fused branch cuts. By convention, we arrange this
quasiparticle string on the right side so that the braiding
phase (3.52) can be recovered by intersecting strings to
the right of defect N . This quasi-particle combines with
the quasiparticles l1 and l2 that are attached to the de-
fects M and N according to their species labels λ1 and
λ2 (see Fig. 9(c)), to form the resulting Abelian quasi-
particle
eM,Nλ1,λ2 = pM,N + l1 + l2. (3.58)
Given a particular defect species label there is a choice
for the possible Abelian anyon bound to the defect
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since the species labels represent an equivalence class of
anyons. Let us show that the defect fusion rules are inde-
pendent of the choice of l1 and l2. We could have picked
any of the equivalent representations l1 + (1−M)b1 and
l2 + (1−N)b2. This will alter (3.58), but the difference
is just an anyon a in (1−M)A+ (1−N)A that is auto-
matically absorbed by the sum in (3.53).
Next, we recall that the projective phase φM,N is not
physical and can be modified by a 2-coboundary φM,N →
φM,N + dϑM,N in (3.24). Thus, the corresponding anyon
pM,N is only well defined up to pM,N → pM,N + dtM,N
for
dtM,N = N
−1tM − tMN + tN (3.59)
where {tM : M ∈ G} is an arbitrary set of Abelian
anyons that relates to a set of phases {ϑM : M ∈ G}
in (3.22) by the 1-1 correspondence
eiϑM (a) = DSa,tM = e2piia
TK−1tM . (3.60)
Eq. (3.59) will alter a particular fusion rule since the
Abelian anyon in (3.58) will be modified. However, the
entire defect fusion structure (i.e., the full set of defect fu-
sion rules) will still remain unchanged because the modi-
fication (3.59) can be absorbed by a redefinition of species
labels
Mλ →Mλ′ = tM ×Mλ. (3.61)
Fig. 10(a) explicitly shows how the 2-coboundary in
(3.59) can be split into three parts and independently be
absorbed into individual defects in the fusion M ×N →
MN .
+ +
M N
MN
tMN
tM
tN
dtM,N
+ + +L M N
LM
LMN
LMN
MN
pM,N
pL,MN
N−1pL,M
pLM,N
pL,M
pLM,N
pM,N
pL,MN
(a) (b)
FIG. 10. (a) Absorbing the 2-coboundary dtM,N by species
redefinition (3.59). (b) Cocycle condition for a consistent set
of pM,N .
Finally, if the fusion rules are associative (L×M) ×
N = L× (M ×N) the coboundary
dpL,M,N = N
−1pL,M − pL,MN + pLM,N − pM,N = 0,
(3.62)
i.e. there is a constraint on the relationship between the
quasiparticles that are bound at different branch cut tri-
junctions (see Fig. 10(b)). This matches the cocycle con-
dition in (3.21) for the corresponding projective phase
φM,N . From (3.59) and (3.62), we see that consistent
defect fusion rules are classified by 2-cocycles p up to 2-
coboundaries dt. In other words, they are classified by
the same cohomology in H2(G,A) that characterized the
quantum symmetry (see Eq. (3.26)). Similarly, a viola-
tion of the cocycle condition (3.62) implies an inconsis-
tency of fusion, which is classified by H3(G,A).
Let us take a moment to consider an example. A non-
trivial example of the effect of non-symmorphic quan-
tum symmetries on defect fusion rules can be given in
an Abelian parent state27,123,124 Z(q+1/2)2n , where q is
an integer. This family of Abelian topological phase
is parameterized by q and contains 2n quasiparticles
〈1, e, e2, . . . , e2n−1〉, where the generator has q-dependent
exchange statistics θe = e
2pii(q+1/2)/(2n), and obeys the
fusion rule e2n = 1. This family of phases includes some
familiar examples. For instance, when q = 0, this Abelian
state is identical to the Laughlin ν = 1/2n FQH state (or
the U(1)n-state); and when q = n − 1, this is identical
to the SU(2n)1 state. For all values of q the non-trivial
anyonic symmetry operation on Z(q+1/2)2n is just conjuga-
tion σ that switches em ↔ em = e2n−m. As described
above, the quantum symmetry of this type is classified
by H2(Z2,Z2n) = Z2 (see Eq. (3.29)). The two dis-
tinct classes are characterized by the projective phase
eiφσ,σ(e
m) = (−1)sm, for s = 0, 1, (see Eq. (3.13)) which
corresponds to a bound branch-cut tri-junction quasipar-
ticle pσ,σ = e
sn (see Eq. (3.52)). When n is odd, this
gives rise to two possible inequivalent defect fusion rules
σ0 × σ0 =
{
1 + e2 + . . .+ e2n−2, for s = 0
e+ e3 + . . .+ e2n−1, for s = 1.
(3.63)
Gauging the latter fusion structure for the Laughlin 1/2n
state would lead to a U(1)n/Z2 orbifold theory.77–79 For
the simplest case, when n = 1, the trivial fusion rule
σ0×σ0 = 1 leads to the twist liquid U(1)1⊗(Toric code),
where σ0 becomes the flux m of the toric code. On the
other hand, the non-trivial fusion rule σ0 × σ0 = e acts
as a fractionalization of the Laughlin quasiparticle, and
leads to a different gauging result, i.e. U(1)4, with 8
quasiparticles generated by σ0. This will reappear later
in Section VII.
Other than the fusion rules, a defect theory is also
characterized by its basis transformations, which are
generated by the F -symbols (see Appendix A and Sec-
tion III B 2). The defect F -matrices can be evaluated di-
agrammatically by specifying a particular set of splitting
states like those in Fig. 16 for the toric code, or Fig. 9 in
general. However, this diagrammatic evaluation leaves
the F -symbols undetermined by certain Abelian phase
factors that arise when branch cuts are rearranged:〈
+ + +
L M N
∣∣∣∣∣∣
+ + +
L M N
〉
=
1√N e
iχL,M,N (3.64)
where N is some normalization so that the F -symbols
are unitary. The phase χL,M,N in general depends on
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the details of the parent state, and, for example, it could
be trivial as it is in the toric code lattice model.
A change of these phase factors δχL,M,N is restricted
by the pentagon identity (see Fig. 7) so that
dδχK,L,M,N = δχK,L,M − δχKL,M,N + δχK,LM,N
− δχK,L,MN + δχL,M,N (3.65)
must vanish modulo 2pi. This is known as a 3-cocycle
condition. Some choices of the F-symbol phases can sim-
ply be absorbed by a redefinition of splitting states
+ +
M N
MN
→ eiηM,N

+ +
M N
MN
 . (3.66)
By adding these phases to each vertex in (3.64), the phase
can be modified δχ→ δχ+ dη by the 3-coboudary
dηL,M,N = ηL,M − ηL,MN + ηLM,N − ηM,N (3.67)
modulo 2pi. Consistent defect F -symbols are therefore
classified by the equivalence classes [δχ] = [δχ + dη] in
the third cohomology group118,119
H3(G,U(1)) =
Z3(G,U(1))
B3(G,U(1))
(3.68)
where Z3 contains all 3-cocycles, i.e. phase choices δχ
with vanishing (3.65), and B3 consists of 3-coboundaries
(3.67).
One can provide a nice physical explanation of the
possible non-trivial phase factor choices. We can see
this by noting that the cohomology group (3.68) also
classifies symmetry protected topological (SPT) phases
with symmetry G in two dimensions4–7,9,10. For exam-
ple, H3(Z2, U(1)) = Z2 implies that there are two topo-
logically distinct short-range entangled 2D phases with
symmetry Z2 = {1, σ}. Defect theories in these parent
SPT phases have identical fusion rules σ × σ = 1 but
different basis transformations
Fσσσσ = ±1 (3.69)
where all other F -symbols are trivial. Upon gauging,
these choices lead to different theories: the positive sign
leads to a Z2 gauge theory while the negative sign leads
to the double-semion theory82.
M-flux
topological state
2D-SPT
M-flux
topological 
surface state
3D-SPT
(a) (b)
FIG. 11. (a) A composite defect of a globally symmetry topo-
logical parent state with a 2D-SPT. (b) A defect of the topo-
logically ordered surface state of a 3D-SPT.
From this result one can see that a change of the phase
factors δχL,M,N in the defect F -symbols (see Eq. (3.64))
FLMNK → eiδχL,M,NFLMNK (3.70)
can be generated by an additional layer of an SPT phase
on top of the original globally symmetric topological par-
ent state. Since an SPT is short-ranged entangled, it will
not alter the anyon structure of the parent state. Its
presence however is reflected in the defect theory by the
modification (3.70). This is because the new twist defect
is now a combination of a defect in the topological parent
state and the SPT
Mλ →Mλ ⊗MSPT (3.71)
(see also Fig. 11(a)). The additional phase factor in eiδχ
comes from the defect F -symbols in the SPT. When δχ
represents a non-trivial cohomology class, the modifica-
tion (3.70) cannot be gauged away by a basis redefinition
of splitting states. Hence F and eiδχF correspond to two
inequivalent defect fusion theories, although their fusion
rules are identical. For example, the addition of an extra
Z2-SPT to the toric code would contribute an overall mi-
nus sign to the defect F -symbol Fσσσσ in (2.14). This will
alter the resulting twist liquid after gauging the anyonic
electric-magnetic symmetry so that the four Ising quasi-
particles no longer carry spins hσ = ±1/16,±7/16, but
hσ = ±3/16,±5/16 instead. We will discuss more about
these issues in Section III E.
We should also make one final point about the defect
F -symbols. As shown in Ref. 95, if the globally symmet-
ric parent state lives on the anomalous surface of a 3D-
SPT protected by the same symmetry (see Fig. 11(b)),
this will lead to obstructions to a consistent defect fu-
sion theory. Three dimensional G-SPT’s are classified by
the cohomology group H4(G,U(1)), and this also classi-
fies the obstruction to the pentagon equation (7) for the
defect F -symbols. Surface defects in these systems do
not in general admit defect fusion theories with consis-
tent basis transformations. As a consequence, there is
an obstruction to gauging the G-symmetry on the sur-
face topological state. Explicit examples can be found
in Ref. 125 for decomposable Abelian symmetry group
G. The obstruction to extending a given G-symmetric
parent state to a G-crossed theory, which encodes fusion
and G-braiding of classical defects, is explained in more
detail in Ref.27.
In Table III we provide a summary of the classifica-
tion and possible obstruction of defect fusion theories of
globally symmetric topological parent states using group
cohomology. We will not consider much about cases with
obstructions as that is not our focus in this article. In
fact, all examples listed in Table II do not admit obstruc-
tions to defect fusion or the F -symbols. This is because
the cohomology groups H3(G,B×) and H4(G,U(1)) are
all trivial except for a Z(q+1/2)2n theory with a Z2 con-
jugation symmetry, where H3(Z2,Z2n) = Z2. However,
a typical conjugation symmetry in such a theory would
still correspond to a trivial cohomology class and would
not lead to inconsistent defect fusion rules. On the other
hand, we will need to pay attention to inequivalent quan-
tum symmetries as they lead to different twist liquids af-
ter gauging, even though the anyon relabeling operation
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naively seems identical. The classification of defect fusion
theories in different topological phases is summarized in
Table IV.
Classification Obstruction
Fusion Rules H2(G,B×) H3(G,B×)
F -symbols H3(G,U(1)) H4(G,U(1))
TABLE III. Summary of cohomological classification and ob-
struction of defect fusion categories. G is the anyonic sym-
metry group. B× is the group of Abelian quasiparticles in the
globally G-symmetric topological parent phase B. G acts on
B× by anyon relabeling.
Topological Symmetry H2(G,B×) H3(G,U(1))
phase B G
U(1)n Z2 conjugation Z2 Z2
bilayer system Z2 bilayer 0 Z2B↑ ⊗ B↓ symmetry
Zk gauge Z2 e-m 0 Z2
theory symmetry
SO(8)1 triality 0 Z6
symmetry S3
“4-Potts” Phase S3 0 Z6
TABLE IV. Summary of the classification of fusion rules and
F -symbols of the defect theory in a globally G-symmetric
topological parent phase B.
C. Quasiparticle structure of twist liquids: a
generalization of discrete gauge theories
In the previous section we provided the general classi-
fication and interpretation of defect fusion structures in
parent states with a global anyonic symmetry. Our goal
is to understand the theory of the twist liquid that arises
once the twist defects are promoted to fully dynamical
quantum fluxes when the anyonic symmetry is gauged. In
general, anyonic excitations of a twist liquid are a compo-
sition of gauge flux and charge, and quasiparticle super-
sectors from the parent state. This naturally generalizes
the structure of discrete gauge theories, where its parent
state would be a trivial boson condensate and its anyonic
excitations, after gauging a conventional global symme-
try, are gauge flux-charge composites, or dyons. Before
providing a systematic way to count and characterize the
excitations of twist liquids, we begin by reviewing the
simpler calculation for discrete gauge theories.38–44
1. Review of Quasiparticle Accounting in Discrete Gauge
Theories
In a two dimensional gauge theory with a finite, dis-
crete gauge group G, the anyon excitations are labeled
by the 2-tuple χ = ([M ], ρ). The flux component is char-
acterized by a conjugacy class
[M ] =
{
M ′ ∈ G : M ′ = NMN−1 for some N ∈ G}
(3.72)
of the gauge group. Given a particular conjugacy class
for the flux, the possible charge components are charac-
terized by an irreducible representation ρ : ZM → U(Nρ)
of the centralizer of M (or any representative of [M ])
defined by
ZM = {N ∈ G : NM = MN} . (3.73)
+
+
+
+ +
+
M
N
ψ
M
N
ψ
M
N
ψ
(1)
(2)
(3)
=
FIG. 12. Conjugation of holonomy M → N−1MN .
To understand the rules for anyon construction, we
can begin with pure flux (i.e. the charge is in the triv-
ial representation) and pure charge excitations (the flux
conjugacy class is that of the identity element). A charge
ψa will acquire a non-Abelian holonomy ψa → ρ(M)abψb
when encircling a flux M according to the representa-
tion ρ which characterizes the charge. The holonomy,
however, would change to ρ(N−1MN) if the flux M is
also braided around another flux N (see Fig. 12). This
means the holonomy measurement is defined only up to
conjugacy. In fact, a projective measurement can only
read off the character of the representation Tr[ρ(M)], and
therefore fluxes are naturally characterized by conjugacy
classes rather than the individual elements of the class.
Additionally, a fundamental charge should be described
by an irreducible representation because if ρ is decom-
posable, then the charge can be split-off into simpler
components. Equivalent representations describe iden-
tical charges because they are merely related by basis
transformation ψa → Uab ψb.
Now that we understand why inequivalent fluxes are
described by conjugacy classes, let us motivate why
charges only take the representations of the centralizer
group of a given class. When a charge ψa is combined
with a flux M to form a dyon, the holonomy it ac-
quires ψa → ρ(N)abψb when encircling another flux N
is only well-defined when M and N commute. If this
were not the case, then the flux would change by conju-
gation M → NMN−1. Although this operation respects
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the conjugacy class it can permute the individual flux
elements within the class. If this occurs then the evolu-
tion would not be cyclic, since the initial and final dyon
configuration spaces could be different, and the holon-
omy could be gauged away by basis redefinition for ψa
instead. As a result, the charge component of a dyon
is characterized by the representation of the centralizer
(3.73) rather than the whole group. For pure charges
the flux conjugacy class is that of the identity element,
and thus, in that case, the centralizer is the entire group.
This is expected since pure charges are not dyonic and
therefore do not run into the same consistency issue.
Using the theory of finite groups we can develop a sys-
tematic procedure to count the number of inequivalent
anyon excitations. The quantum dimension of the dyon
χ = ([M ], ρ) is the product
dχ = |[M ]|dim(ρ) (3.74)
where |[M ]| is the number group elements in the conju-
gacy class [M ]. By choosing a set of conjugating rep-
resentatives Nµ ∈ G (µ = 1 . . . |[M ]|) such that [M ] =
{N1MN−11 , . . . , NnMN−1n }, it is straightforward to see
that
|G| = |[M ]| |ZM | (3.75)
for any choice of M ∈ G, since each group element can
be uniquely be expressed as Nµz for z ∈ ZM and 1 ≤
µ ≤ |[M ]|. A useful theorem in the representation theory
of finite groups126 relates the order of any finite group H
to the dimensions of its irreducible representations by
|H| =
∑
irred. rep.
dim(ρ)2. (3.76)
Eq. (3.75) and (3.76) lead to the identification of the total
quantum dimension D of the discrete gauge theory and
the order of the gauge group |G|:
D2 =
∑
χ
d2χ =
∑
[M ]
|[M ]|2 ∑
irred. rep.
of ZM
dim(ρ)2

=
∑
[M ]
|[M ]|2|ZM | =
∑
[M ]
|[M ]||G| = |G|2. (3.77)
To illustrate this general structure we can use the sim-
ple example of G = Z2 = {1, σ}. This group is Abelian
and has two conjugacy classes [1], [σ], and the full group
has two representations ρ+, ρ−, both of which are one-
dimensional. Since the group is Abelian there is a nice
simplification because the centralizer of every conjugacy
class is just the entire group. Thus we can see that we
should have four anyon excitations χ1 = ([1], ρ+), χe =
([1], ρ−), χm = ([σ], ρ+), and χψ=em([σ], ρ−). Each of the
anyons has quantum dimension di = 1 and the total
quantum dimension is D = √12 + 12 + 12 + 12 = 2 =
|G|.
2. Structure of Quasi-Particles in Twist Liquids
We now generalize to twist liquids. For simplicity, we
assume that the globally G-symmetric parent state is
an Abelian topological phase with a group of Abelian
quasiparticles A. A full treatment of non-Abelian parent
states will not be presented here, although we expect a
similar anyon structure in the general case. In fact, we
do give one example of a non-Abelian parent state in Sec-
tion VII which discusses the chiral “4-Potts” state. We
present an explicit approach that targets general Abelian
states; a more abstract description which applies even to
non-Abelian states and can be found in Ref. [27].
The anyon excitations in the G-twist liquid are flux-
quasiparticle-charge composites, i.e. composites of the
flux and charge from the gauged G-symmetry, and quasi-
particles from the parent Abelian theory. The anyons can
be labeled by the 3-tuple
χ = ([M ] ,λ, ρ) (3.78)
which is a natural generalization of the 2-tuple label in
discrete gauge theories.
Here [M ] is a conjugacy class, as defined in (3.72), that
describes the flux component of the gauged G-symmetry.
Just as in the case for the discrete gauge theory, the
choice of a flux class restricts the allowed values for the
remaining anyon structure. In the 3-tuple, λ is a super-
sector of defect species labels drawn from the quotient
group AM = A/(1−M)A, which depends on the equiv-
alence class [M ] (see Eq. (3.45)). However, the anyonic
symmetry may still act on the elements of AM and per-
mute them. This forces elements in AM to form into
super-sectors, i.e. irreducible sets of species labels of the
form:
λ = λ1 + . . .+ λl, λi ∈ AM (3.79)
which corresponds to the non-simple object Mλ1 + . . .+
Mλl in the defect fusion category. The set of species la-
bels in λ, i.e. {λ1, . . . , λl} ⊆ AM , must be chosen such
that the centralizer ZM (defined in (3.73)) acts transi-
tively on it. The transitive action of ZM means that (i)
the labels in λ are permuted by any symmetries N that
commute with the flux M according to the ZM -action
λi = a+ (1−M)A −→ λj = Na+ (1−M)A, (3.80)
(notice N(1−M)A = (1−M)A as A is closed under N);
and (ii) that any two labels are related by some permuta-
tion in the centralizer, i.e. λj = Nλi for some N ∈ ZM .
In other words, the irreducible sets λ are exactly the
ZM -orbits in AM . The reason it is the ZM -orbits, and
not full G-orbits, is that the quotient group AM , which
contains the anyons/species that form the super-sectors,
only remains unchanged under ZM .
The final element of the 3-tuple is the G-charge compo-
nent ρ. The charge is characterized by a Nρ-dimensional
irreducible representation
ρ : ZλM −→ U(Nρ) (3.81)
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of a restricted centralizer of the flux M and super-sector
λ
ZλM = {N ∈ ZM : Nλ1 = λ1}, (3.82)
i.e. ZλM is the subgroup in the centralizer ZM that fixes
a particular choice of species λ1 in λ. Thus, Eqs. (3.79)
and (3.82) depend on the choice of a particular represen-
tative M in [M ] (other representatives can change the
species labels entering λ) and a species in the super-
sector, for which we have arbitrarily chosen λ1. However,
different choices are related by adjoint isomorphisms and
are therefore equivalent, and lead to identical anyon con-
tent for the twist liquid.
Before we show why the general structure takes this
form, let us illustrate the construction using the exam-
ple of the toric code with a gauged electric-magnetic
symmetry. In this case G = Z2, which, as indicated
above, has two conjugacy classes [1], [σ], and two one-
dimensional representations ρ+ and ρ−. The quasiparti-
cles in the Abelian parent state are those of the toric
code {1, e,m, ψ}. If we choose the flux class [1] the full
set of species labels A1 is just the set of Abelian anyons
{1, e,m, ψ}. However, what we need for our construction
is the set of Z2 orbits of this set which is {1, e + m,ψ}.
Thus, if we pick the flux class [1, ] the only options for the
quasiparticle super-sectors are λ = 1, e+m, or ψ. Before
fixing the charge representation possibilities, let us con-
sider the other flux class [σ]. The set of species labels is
Aσ = {0, 1} where 0 effectively represents (the vacuum)
1 or ψ and 1 represents e or m. Both of the elements of
Aσ are invariant under the Z2 action (e.g. even though
the group action takes e to m they are both represented
by λ = 1), and thus the Z2 orbits are just {0} and {1}
themselves.
To find the allowed charge representations we need to
calculate the restricted centralizer groups according to
Eq. (3.81). These groups are
Z1[1] = Z2, Z
e+m
[1] = 0, Z
ψ
[1] = Z2,
Z0[σ] = Z2, Z
1
[σ] = Z2.
The only unusual example is Ze+m[1] which is trivial, i.e.
it only consists of the identity element, because the non-
trivial element of G(= Z[1]) does not preserve the first
species label e. The trivial group only has a trivial, one-
dimensional representation which we will denote by ρ0.
From this data we are ready to identify the anyon quasi-
particles in the gauged electric-magnetic twist liquid.
The anyons are
1 = ([1], 1, ρ+), z = ([1], 1, ρ−), E = ([1], e+m, ρ0)
ψ = ([1], ψ, ρ+), ψ = ([1], ψ, ρ−),
σ = ([σ], 1, ρ+), σ
′ = ([σ], 1, ρ−),
σ = ([σ], e, ρ+), σ
′ = ([σ], e, ρ−),
where for the super-sectors we have used 1, e to label
the species instead of 0, 1 to help avoid any confusion
(c.f. Eqs. (2.22-2.25) in Section II). The quantum dimen-
sions can be easily read-off from these 3-tuples by multi-
plying the dimensions of the three separate components,
e.g. dz = 1×1×1 = 1, dE = 1×2×1, and dσ =
√
2×1×1.
See Eq. (3.88) for the calculation of the quantum dimen-
sion of a general 3-tuple.
Now that we have shown an example, let us consider
the general construction. To understand the anyon struc-
ture, we begin with a pure quasiparticle super-sector, i.e.
we choose the flux class [1]. When an anyonic symmetry
group G is gauged, quasiparticles from the parent state
are indistinguishable if they are related by the symme-
tries in G. They become components of a super-sector
a1 + . . .+al, i.e. a G-orbit in A[1], which is now a simple,
indecomposable object in the twist liquid. Its compo-
nents form a G-orbit so that all ai in a super-sector are
equivalent since they transform into one another through
symmetries. Alternatively, we note that a super-sector
can also be treated as an irreducible representation of a
set, i.e. a homomorphism G→ Sl, (where Sl is the group
of permutations of l elements) such that the image does
not sit in any splitting Sm × Sl−m for 0 < m < l. When
the super-sector object is dragged around a non-trivial
flux (of G), it picks up a holonomy P ∈ Sl that per-
mutes its components. However, since the components
of the super-sector are indistinguishable, they can be re-
arranged by a permutation Q and the holonomy would
be altered by conjugation P → QPQ−1. Thus we expect
that a flux is physically characterized by a conjugacy
class, rather than an individual group element, as stated
above.
Next, to further constrain the theory, we can have a
quasiparticle super-sector combined with a flux M to
form a composite object. Another way to see that only
the conjugacy class ofM is physical meaningful, is to con-
sider choosing a different representative of the class [M ].
If the flux is represented by a different symmetry M ′,
which is necessarily related to M by conjugation if they
are in the same class, then the basis of the quasiparticle
super-sector could be rearranged ai → aP (i) according to
a permutation P represented by some symmetry N ∈ G
such that that M ′ = NMN−1. Physical properties can-
not depend on this basis choice, and thus only flux classes
are physically distinguishable.
Now, let us further imagine that the composite is
braided around another flux L; the super-sector would
pick up a holonomy under this operation. However, if
the flux is altered by conjugation M → ML = LML−1,
then the braiding evolution would not be cyclic since the
basis of quasiparticles would need to be rearranged by
some permutation to compare with the original basis.
This means that the holonomy is not well-defined unless
ML = M , i.e. the two fluxes L and M commute. As a
result, quasiparticle super-sectors of a flux M are charac-
terized by a ZM -orbit rather than a full G-orbit, where
ZM the centralizer of M . Note that for the flux class
[1], Z[1] = G so our conclusions for the pure quasiparticle
sector are not altered.
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Moreover, as shown in Section III B, quasiparticles at-
tached to a flux M are well defined only up to (1−M)A
because they can go around the flux and change anyon
type (see Eq. (3.47)). The components of the super-
sector for non-trivial fluxes are thus species labels λi in
the quotient AM = A/(1 −M)A instead of the original
group A of Abelian quasiparticles. Notice that the quo-
tient AM only has a reduced symmetry ZM because the
invariance of the denominator (1−M)A in (3.80) requires
N to commute with M .
The final consistency conditions require the most gen-
eral anyon in a twist liquid: a flux-quasiparticle-charge
composite ([M ],λ, ρ). Let us now introduce the appro-
priate notation so we can write the fully general form of
this composite object. To be explicit, let [M ] = {Mµ =
NµMN
−1
µ }µ=1,...,n be the conjugacy class that charac-
terizes the flux, where Nµ (µ = 1 . . . n) are some (ar-
bitrary) choice of conjugating symmetries, n = |[M ]|,
and N1 = 1. We can express the components of the
super-sector λ = λ1 + . . . + λl by λi = ziλ1 where zi
are elements of the centralizer ZM , and z1 = 1. For a
different representative, Mµ, of the flux class, the basis
of the super-sector will be changed. To be explicit let
us pick this isomorphism to be Nµ : AM → AMµ which
maps between the cosets
a+ (1−M)A −→ Nµa+ (1−Mµ)A. (3.83)
Notice Nµ(1 −M)A = (1 −Mµ)A as NµMN−1µ = Mµ,
and A is closed under Nµ. From this we define the new
super-sector basis λµ = λµ,1 + . . . + λµ,l where λµ,i =
Nµλi = Nµziλ1.
With the notation now fixed, the composite object can
be expressed as the combination
([M ],λ, ρ) =
n∑
µ=1
l∑
i=1
(Mµ)λµ,i ×ψ(µ,i) (3.84)
where (Mµ)λµ,i is a defect Mµ with species label λµ,i and
ψ(µ,i) is the charge sector spanned by the vectors ψ
a
(µ,i).
The sum over µ runs over the elements of the conjugacy
class [M ], and the sum over i runs over the Abelian anyon
elements of a super-sector. When G is Abelian, as in our
toric code example above, each conjugacy class only has
a single element, which simplifies all of the results.
Conceptually, we want to understand if there are
any physically distinct anyons with non-trivial charge.
Hence, we need to understand what restrictions are
placed on the charge sector to have the complete set
of physically distinguishable objects. Like a discrete
gauge theory, a pure charge corresponds to a Hilbert
space spanned by ψa that transforms holonomically by
ψa → ρ(L)abψb according to an irreducible representation
ρ of the gauge group when the charge is braided around
a flux L. Now, in the composite object (3.84), there
are multiple Hilbert space sectors H(µ,i) = span{ψa(µ,i)},
which are each associated to a defect (Mµ)λµ,i . When
braiding (3.84) around a flux L, these Hilbert spaces will
mix H(µ,i) → H(ν,j) since L acts via
LMµL
−1 = Mν and Lλµ,i = λν,j . (3.85)
Since the charge sector is fused with a defect, the braid-
ing evolution is cyclic only when the Hilbert space goes
back to itself after a cycle, i.e. (Mµ)λµ,i is unaltered by L.
Otherwise the holonomy would be gauge dependent as it
would be affected by the arbitrary choice of the Nµ and
zi. Let us consider the consequences of this constraint.
Since different charge sectors of a single composite anyon
are related by isomorphisms, it is most convenient to fo-
cus on the sector ψ(1,1) where N1 = z1 = 1. The de-
fect Mλ1 is unchanged when the composite object encir-
cles flux L0 if M and L0 commute and the species label
λ1 is invariant under L0. This requires the charge sec-
tor to be characterized by an irreducible representation
ρ : ZλM → U(Nρ) of the restricted centralizer subgroup
ZλM defined in Eq. (3.82).
To see how the charges ψ(µ,i) in the composite object
(3.84) transform when braided around a general flux L,
we need to extend the representation ρ : ZλM → U(Nρ)
to the whole symmetry group G. This can be done by
an induced representation
L : ψa(µ,i) −→ ρ
(
(Nνzj)
−1L(Nµzi)
)a
b
ψb(ν,j) (3.86)
where the indices change (µ, i) → (ν, j) according to
(3.85). Notice that the operator L0 = (Nνzj)
−1L(Nµzi)
in (3.86) leaves M and λ1 unaltered, and therefore it
belongs in the restricted centralizer ZλM so that ρ(L0)
is well-defined. In other words, the conjugation L →
(Nνzj)
−1L(Nµzi) is required to compare the basis be-
tween defect (Mν)λν,j and (Mµ)λµ,i , i.e. defects which
can be different representatives of the same flux class
and carry species labels which may also need to be ba-
sis transformed for comparison. However, since the in-
duced representation depends on the arbitrary choice of
the representatives Nµ, Nν and zi, zj , it is gauge depen-
dent. The only gauge independent part is the restriction
ρ : ZλM → U(Nρ) on the centralizer, and hence these
restricted representations offer the only physically dis-
tinguishable options for the charge sector.
For example, later in Section VI we will consider the
SO(8)1-state, with an anyon content of three mutually
semionic fermions f1, f2, f3, with the fusion rules f
2
i = 1
and f1 × f2 = f3. It has a global S3-symmetry that per-
mutes the three fermions and, when gauged, forces them
into a super-sector Ψ = f1 + f2 + f3. The restricted cen-
tralizer subgroup Zf1+f2+f3[1] that fixes f1 is Z2 = {1, σ1},
where σ1 switches f2 ↔ f3. It has two one-dimensional
representations ρ± : σ1 → ±1. The full super-sector-
charge composite is of the form f1ψ1+f2ψ2+f3ψ3, where
the three-dimensional charge sector ψ = (ψ1, ψ2, ψ3)
transforms according to
σ1 :
 ψ1ψ2
ψ3
→
 ±1 0 00 0 1
0 1 0

 ψ1ψ2
ψ3
 . (3.87)
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Here the induced representation in (3.86) is defined by
choosing z1 = N = 1, z2 = θ and z3 = θ
2 , for
θ : fi → fi+1 the cyclic threefold element in S3. The
character of the representation χ(σ1), i.e. its trace, de-
pends only on the ψ1 block and is gauge independent.
The off-diagonal lower block that mixes ψ2 ↔ ψ3 is how-
ever gauge dependent. For instance, a gauge transforma-
tion (ψ2, ψ3) → (ψ2,−ψ3) would change the lower 2 × 2
block in (3.87) from σx to −σx. Hence, it is only the rep-
resentation of the restricted centralizer, which provides a
physically distinguishable charge.
Eq. (3.86) extends the representation ρ+ (resp. ρ−) to
the three-dimensional representation A1⊕E (resp. A2⊕
E) of the full S3 group (see the S3 character table in
Table X). For instance, the induced representation of ρ±
also determines the representation of another restricted
centralizer Z2 = {1, σ2}, where σ2 : f1 ↔ f3 now fixes f2
instead of f1. This is because the group operations σ1, σ2
are related through conjugation by θ, and thus have an
identical character χ(σ2) = χ(θσ1θ
−1) = χ(σ1) = ±1.
The two representations ρ± are associated to two distinct
anyons Ψ and z2Ψ, which differ by fusion with the Z2
charge z2, and can hence be distinguished by braiding
operation around a Z2 flux.
The full construction can be distilled into a rela-
tively simple mathematical algorithm. To summarize,
the quasiparticles in a twist liquid where the anyonic
symmetry group G has been gauged are represented by
a 3-tuple ([M ],λ, ρ) which is a flux-quasiparticle-charge
composite defined via the rules:
• [M ] represents a flux of G and is a conjugacy class
of G.
• Given a choice of [M ] and a representative of the
class, construct the group of species labels AM =
A/(1−M)A and the centralizer of [M ]: Z[M ]. The
values that the quasiparticle component λ can take
are the Z[M ] orbits in AM .
• Given a choice of [M ] and λ, construct the re-
stricted centralizer group Zλ[M ] which is the group
of elements of G that commute with M and fix
the (say) first species label of λ. The G-charges are
given by the representations ρ of Zλ[M ].
3. Total Quantum Dimension and Chiral Central Charge of
the Twist Liquid
We are now ready to prove some of the main results of
the article, namely the relationship between total quan-
tum dimension of the twist liquid and the quantum di-
mension of the initial parent state, and the invariance
of the central charge during the gauging procedure. Re-
call from (3.49) that a defect has quantum dimension
dM =
√|(1−M)A|, and the dimension of the charge
sector is given by the dimension of the representation
Nρ = dim(ρ). The quantum dimension of the composite
χ = ([M ],λ, ρ) can be evaluated by summing over the di-
mensions of its components in (3.84) which is equivalent
to the following product:
dχ = |[M ]||λ|dim(ρ)
√
|(1−M)A| (3.88)
where |[M ]| = n is the number of elements in the conju-
gacy class and |λ| = l is the number of Abelian compo-
nents in the super-sector λ.
Hence, the total quantum dimension DTL of the twist
liquid is calculated by a sum
D2TL =
∑
χ
d2χ =
∑
[M ]
(|[M ]|2|(1−M)A|
×
∑
ZM -orbits
λ in AM
|λ|2
∑
irred. rep.
of ZλM
dim(ρ)2

 .
(3.89)
To simplify this, we first see from Eq. (3.76) that∑
dim(ρ)2 = |ZλM |. So the second line of (3.89) becomes
a sum of |λ|2|ZλM | over species super-sectors λ. Next we
see that
|ZM | = |λ||ZλM |. (3.90)
This is because each z in ZM have a unique decomposi-
tion z = ziζ, where λ1 is transformed into zλ1 = λi =
ziλ1 under z, and ζ = z
−1
i z fixes λ1 and, hence belongs
in ZλM . The one-to-one correspondence between ZM and
{λi} × ZλM gives (3.90).
Using this result, the second line of (3.89) then be-
comes∑
ZM -orbits
λ in AM
|λ|2|ZλM | =
∑
ZM -orbits
λ in AM
|λ||ZM | = |AM ||ZM | (3.91)
where we have used the simple result that the sum of
elements in all orbits is just the number of elements in
the whole group AM = A/(1−M)A. Combining (3.91)
and (3.89),
D2TL =
∑
[M ]
|[M ]|2|(1−M)A|
∣∣∣∣ A(1−M)A
∣∣∣∣ |ZM |
= |A|
∑
[M ]
|[M ]|2|ZM | = D20|G|2 (3.92)
where D0 =
√|A| is the total quantum dimension of the
parent state A, and the final step was already proven in
(3.77) for the case of a discrete gauge theory. Eq. (3.92)
is one of the central results of this article: the total quan-
tum dimension is increased by |G| after gauging an any-
onic symmetry G. This result holds true even when the
globally symmetric parent state is non-Abelian. A proof
is available in Ref. [27].
The chiral central charge c− = cR − cL along the
gapless boundary of a topological phase is related to
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the anyon content in the bulk by the Gauss-Milgram
formula74–76,127
exp
(
2pii
c−
8
)
=
1
D
∑
a
d2aθa, (3.93)
where the sum is taken over all quasiparticles with ex-
change phases θa = e
2piiha . Remarkably Eq. (3.93) is
unchanged by gauging.27 Here we specifically show this
for Abelian parent states.
First, just like a discrete gauge theory, the braid-
ing phase of a pure charge ψ orbiting around a flux
[M ] is given by Tr[ρ(M)]/dim(ρ), where ρ is the irre-
ducible representation that describes ψ. As the twist
liquid anyon χ = ([M ],λ, ρ) is a composition of the flux
χ0 = ([M ],λ, 1) and the pure charge ψ = (1, 1, ρ), its
twist phase – which is also its exchange phase – differs
from that of the chargeless χ0 by a braiding phase, i.e.
θ([M ],λ,ρ) = θ([M ],λ,1)
Tr[ρ(M)]
dim(ρ)
. (3.94)
Hence, the Gauss-Milgram sum (3.93) in a twist liquid
decomposes into
e
ipic−
4 =
1
DTL
∑
χ=([M ],λ,ρ)
d2χθχ
=
1
D0|G|
∑
χ0=([M ],λ,1)
d2χ0θχ0
×
∑
ρ
dim(ρ)2
Tr[ρ(M)]
dim(ρ)
(3.95)
where dχ = dχ0 dim(ρ) (see (3.88)), and DTL = D0|G|.
Next, a useful formula from the representation theory of
finite groups126 requires∑
irred. rep.
ρ of H
dim(ρ)Tr [ρ(M)] = 0 (3.96)
for any non-trivial group operation M in a finite group
H. Thus, the only contribution to the Gauss-Milgram
sum is from the trivial flux sector M = 1. For instance,
the Z2 defect fluxes σ, σ′, σ, σ′ of the toric code have can-
celing exchange phases eipi/8,−eipi/8, e−ipi/8,−e−ipi/8 re-
spectively (see Section II).
Consequently, the sum becomes
e
ipic−
4 =
1
D0|G|
∑
λ
d2λθλ
∑
irred. rep.
ρ of Zλ1
dim(ρ)2
=
1
D0|G|
∑
λ
d2λθλ|Zλ1 | (3.97)
after using (3.76), and noting that the quantum dimen-
sion of the pure super-sector is dλ = |λ|, i.e. the number
of components. From (3.90), dλ|Zλ1 | = |Z1| = |G| and
therefore
e
ipic−
4 =
1
D0
∑
λ
dλθλ =
1
D0
∑
λ∈A
θλ (3.98)
which is identical to the Gauss-Milgram sum of the glob-
ally symmetric Abelian parent phase A. This is because
the components of each super-sector λ = λ1 + . . . + λl
originate from Abelian anyons λi that are related by any-
onic symmetries and have the same spins, i.e. θλ = θλi .
The invariance of (3.93) resembles the fact that the chi-
ral central charge c− of a (1 + 1)D CFT is unaltered by
an orbifold construction.77,78
D. Exactly-solvable String-net Models of Twist
Liquids
The phase transition of Eq. (1.2) between a globally
anyonic symmetric parent state and its corresponding
locally-symmetric, gauged twist liquid can be captured
by a string-net model.82 These types of lattice models
are built using the fusion data from a defect fusion cat-
egory described in Section III B. The transition between
globally and locally symmetric states is driven by tun-
ing string tensions that confine twist defects. In the
absence of string tensions for the defects, the lattice
model is exactly-solvable and provides a local, Hamil-
tonian description of a gapped topological phase describ-
ing the twist liquid. The transition essentially occurs
when twist defects, i.e. anyonic symmetry fluxes, become
deconfined. As we have seen Section III C, general any-
onic excitations in twist liquids are composite objects
of fluxes, quasiparticle super-sectors, and gauge charges.
Their fusion and braiding properties can be derived using
the Drinfeld construction.82–84 This procedure involves
solving the hexagon equations (2.13), i.e. Fig. 3. We
have demonstrated this construction explicitly by gaug-
ing the electric-magnetic symmetry of the toric code in
Section II B 2, where the Drinfeld construction led to the
Ising× Ising anyon structure. Here we present string-net
Hamiltonians for general twist liquids, and the procedure
for deriving their anyonic fusion and braiding properties.
V
P
FIG. 13. String-net model on a honeycomb lattice. The ◦’s
represent degrees of freedom on links. V and P are vertex
and plaquette operators.
The string-net model construction proposed by Levin
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and Wen is defined on a honeycomb lattice where the
degrees of freedom live on the links82. In some cases
the links are oriented, and the orientations are chosen
so that they align as much as possible to the vertical
direction (see Fig. 13). To construct the model we begin
with the defect fusion category C = ⊕M∈GCM in (3.42),
and associate a 1-dimensional space for each simple defect
object Mλ. Thus, there is a D-dimensional space on each
link, where D is the number simple objects in C. For
example, the defect category 〈1, e,m, ψ〉⊕ 〈σ0, σ1〉 of the
toric code would give a 6-dimensional space on an edge,
i.e. six possible string types on each link. The twist liquid
Hamiltonian itself consists of a sum of local stabilizing
operators over all vertices V and plaquettes P of the
honeycomb lattice
HˆTL = −
∑
V
Vˆ −
∑
P
Pˆ . (3.99)
Each vertex operator acts to enforce the admissible
fusion and splitting rules:
Vˆ
∣∣∣ ba
c
〉
= δabc
∣∣∣ ba
c
〉
, Vˆ
∣∣∣
ba
c
〉
= δabc
∣∣∣
ba
c
〉
(3.100)
where δabc = 1 if c is an admissible fusion channel of a×
b, and δabc = 0 otherwise. Hence a vertex operator is a
projection operator that acts locally on its three adjacent
links.
A plaquette operator is a local operator that switches
the labels along the 6 sides of the hexagon plaquette and
depends on, but does not change, the labels on its exter-
nal legs. Its action is:
Pˆ
a
b
c
f
e
d
g
h
i
l
k
j
=
∑
s
ds
a
b
c
f
e
d
g
h
i
l
k
j
s
1
(3.101)
=
∑
s
ds
∑
h′g′i′j′k′l′
P s
a
b
c
f
e
d
g’
h’
i’
l’
k’
j’
(3.102)
where ds is the quantum dimension of s, and the sum-
mation is taken over all admissible fusion channels
s× g→ g′, s× h→ h′, s× i→ i′
s¯× j→ j′, s¯× k→ k′, s¯× l→ l′. (3.103)
Eq. (3.102) can be derived from (3.101) by applying a
series of F -moves (see Fig. 6 or Eq. (A5)) so that the in-
ner s-loop (which is created in the interior the plaquette,
off the lattice) is eventually absorbed on the honeycomb
lattice. The coefficients in (3.102) are given by a product
of F -symbols
P s =βsgjg′j′
[
F j
′si
d
]i′
j
[(
F sgbh′
)−1]g′
h
[
Ffls¯k′
]l′
k
×
[(
F lsg
′
a
)−1]l′
g
[
F l¯¯js
k′
]j′
k
[(
F sic
h′
)−1]i′
h
(3.104)
where the β factor comes from particle-antiparticle dual-
ity (or bending):
βsgjg′j′ =
1
ds
√
dgdj
dg′dj′
([
F s¯ss¯s
]1
1
)2 [
F s¯sgg
]g′
1
[
F j¯ss¯
j¯
]j′
1
,
(3.105)
and the labels for vertex degeneracy have been sup-
pressed.
The vertex and plaquette operators mutually commute
essentially because of the enforcement of associative fu-
sion rules and consistent F -symbols that obey the pen-
tagon identity (see Fig. 7). They therefore share simul-
taneous eigenstates and the model can be exactly solved.
The resulting ground state is a linear combination of
all possible link/string configurations such that fusion at
each vertex is admissible. It can be visualized as a su-
perposition of all possible contractible loops with a nor-
malization of ds for each simple s-loop.
The simplest string-net model is the (globally symmet-
ric) toric code on a honeycomb lattice, where the input
data for the model is the “defect category” 〈1〉 ⊕ 〈σ〉
with the fusion rule σ × σ = 1, and basis transformation
Fσσσσ = 1. This string-net model gives a Z2 gauge the-
ory, i.e. the twist liquid of a trivial Z2 symmetric boson
condensate. However, if the parent state is a topological
Z2-SPT, or equivalently, stacked on top of one, then the
basis transformation would be non-trivial Fσσσσ = −1,
which corresponds the non-trivial cohomology class in
H3(Z2, U(1)) = Z2. This would lead to a distinct twist
liquid as the corresponding string-net model yields a dou-
ble semion theory82 described by the 2 component Chern-
Simons theory with K = 2σz.
s
∏
R
∏
F
FIG. 14. A general Wilson loop constructed by crossing (R-
symbols) and bootstrapping (F -symbols).
Just like the toric code model, the anyon excitations of
the string-net model appear at the ends of open Wilson-
line string operators. To construct the allowed anyon
excitations we can first consider how to construct generic
closed Wilson loops by extending the plaquette operators
in (3.101) (see Fig. 14). The construction starts with a
fictitious loop with label s in the background (underneath
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the lattice) and then manipulating the loop to eventually
absorb it into the honeycomb lattice. This can be done
by introducing the crossing operation (R-move):
s a
=
∑
c
√
dc
dads
Rasc
s a
a s
c (3.106)
where the summation is taken over admissible fusion
channels, a × s → c, where vertex labels for fusion de-
generacy have been suppressed. The s-string then can
be put on the same “level” as the honeycomb lattice by
applying an R-move for each intersection between the
background loop and the honeycomb lattice. Finally, the
rest can be put onto the honeycomb by bootstrapping
using the F -symbols. The result swaps link labels along
the loop (green edges) with local phases depending on
the adjacent links (orange edges).
While the F -symbols are inputs of the string-net
model, the crossing R-symbols are not. Thus we need
a way to specify these symbols in order to perform an
R-move for the above algorithm. Importantly, not all
choices of Rasc produce an admissible Wilson loop. To
be admissible, a loop operator must commute with all
the plaquette operators, commute with the other Wilson
loops, and condense to the ground state. These require-
ments are strict and impose a set of local consistency
relations on R – precisely the hexagon identity (2.13)
(see also Fig. 3) – to ensure that local crossings of strings
are compatible with the fusion rules. In short, this im-
plies that RasRbs ∼ R(a×b)s up to bootstrapping by
F -moves. A Wilson loop is therefore specified by the
following information
χ = (s, {Rs∗∗ }) (3.107)
where R is a particular solution to the 9-eq.’s. Since
an open Wilson string realizes localized anyonic excita-
tions at the ends of the string, Eq. (3.107) therefore pre-
scribes a particular excitation type known as a Drinfeld
anyon.82–84 The pentagon identities Fig. 7 and the 9-eq.’s
guarantee that fusion and braiding between the Drinfeld
anyons is consistent.
To summarize, the string-net model of a fusion cat-
egory C gives a topological field theory, whose anyon
structure consists of the Drinfeld anyons, and encodes
both fusion and braiding information. It is mathemat-
ically known as the Drinfeld center83,84 and is denoted
by Z(C). In a general scenario, one begins by extend-
ing the globally G-symmetric parent state B to a defect
fusion category C = ⊕M∈GCM . This involves specify-
ing the defect fusion rules and F -symbols described in
Section III B. The string-net construction, in which the
initial anyon types and the defects themselves become
string-types on the links, then provides a model for a
topological state where defects become dynamical excita-
tions of a quantum Hamiltonian. This fits the definition
of a twist liquid where anyonic symmetries are gauged
and symmetry fluxes are excitations.
The string-net construction also provides a controlled
gauging phase transition. This can be achieved by adding
string tension terms
δH = +h
∑
links l
Tl (3.108)
where Tl acts locally at the edge l, and is Tl = 1 if the
link label is a non-trivial defect M 6= 1, or Tl = 0 if the
link label is a quasiparticle from the parent state. The
string tension essentially gives an energy cost to a defect.
These terms do not respect the fusion rules, and there-
fore do not commute with vertex and plaquette opera-
tors. For weak tension h, the perturbation would lower
the bulk excitation energy gap but the topological state
would remain in the same topological phase as the twist
liquid. For strong tension, however, defects are confined
as they are not energetically favorable, and the string-net
model transitions back to the globally symmetric topo-
logical state. The gauging phase transition can therefore
be driven by tuning h between 0 and ∞
Globally Symmetric
State (h→∞)
Gauging-ff
Condensation
Twist Liquid
(h = 0)
(3.109)
where a gap closing quantum phase transition occurs at
certain finite h > 0.
The transition from h = 0 to ∞ can also be viewed
through a complementary anyon condensation picture.
Previously, in Section III C, we saw that a twist liquid
contains pure gauge charges. They are bosonic excita-
tions that acquire a holonomy when encircling a gauge
flux. In the string-net model, they are Drinfeld anyons
(s;Rs∗∗ ) originating from the trivial fusion object s = 1.
Condensing these bosonic gauge charges confines all the
gauge fluxes with respect to which they are non-local.
The string-net model therefore reduces to a topological
state with only global (anyonic) symmetry when h→∞.
One subtle source of confusion with this construction
is that, for our purposes, the string-net construction al-
ways contains a redundant time-reversal partner. For in-
stance, the model in the limit h→∞ is the time-reversal
symmetric doubled parent state
Z(B) = B ⊗ B (3.110)
where B is the globally symmetric parent state in which
we are interested, and which could be chiral, and B is its
time-reversed partner.128 The doubling appears because
the string-net Hamiltonian, as well as the 9-eq.’s them-
selves, are time reversal symmetric. We have already il-
lustrated the construction of the Drinfeld Center for the
reduced defect fusion category C(0)toric code = 〈1, ψ〉 ⊕ 〈σ0〉
of the toric code in Section II B 2, and the resulting twist
liquid has an Ising× Ising anyon structure. However, we
should have really applied the Drinfeld construction, i.e.
solving the 9-eq.’s, on the entire defect fusion category
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Ctoric code = 〈1, e,m, ψ〉 ⊕ 〈σ0, σ1〉. Had we done this the
resulting twist liquid would have the anyon content of
Z(Ctoric code) =
(
Ising⊗ Ising)⊗ Toric code. (3.111)
This result can be understood by noting that the full
defect fusion category has another Z2-grading (which is
not related to the Z2 e-m symmetry group) as we recall
σ1 = e× σ0 and m = e× ψ:
Ctoric code = C(0)toric code ⊕ C(1)toric code = 〈1, ψ, σ0〉 ⊕ 〈e,m, σ1〉
= Z2 ⊗ C(0)toric code = 〈1, e〉 ⊗ 〈1, ψ, σ0〉. (3.112)
Usefully, the Drinfeld construction decomposes naturally
via the tensor product because the fusion rules, as well as
the F -symbols, are simple products. This gives (3.111)
since Z(C(0)toric code) = Ising × Ising as proven in Sec-
tion II B 2 and Z(Z2) = Toric code as shown in Ref.[82].
We are not interested in the extra redundant copy, and
unfortunately it is not always possible to extract a defect
subcategory which gives the correct twist liquid result,
thus we need a method to remove the redundancy.
Let us explore this a bit more. Unlike the topologi-
cal parent state B, which has a modular braiding struc-
ture, its defect theory C only specifies fusion information.
Thus, the corresponding string-net model, or the Drin-
feld center Z(C) in general, can no longer be written as a
time reversal pair (3.110). For instance, (3.111) does not
split into a time-reversed pair. However, the total quan-
tum dimension of the Drinfeld center/string-net model is
still related to that of the initial defect fusion category
by129,130
DZ(C) = D2C . (3.113)
On the other hand, we have already proved in Sec-
tion III B that the total dimension of the initial defect
fusion category is DC = D0
√|G|, where D0 is the di-
mension of the parent state B. Thus, this shows that the
string-net model construction (Drinfeld center) built on
such a defect fusion category yields a total dimension of
DZ(C) = D20|G|. (3.114)
However, this exceeds the total quantum dimension of
the twist liquid that we derived in Eq. (3.92) precisely
by a factor of D0. This is because, as mentioned above,
the string-net model contains not only the twist liquid
but also a redundant time-reversed partner of the original
parent state to ensure an overall vanishing chirality. This
leads to the identification
Z(C) = (Twist Liquid)⊗ B. (3.115)
For example, when one uses the full defect theory of the
toric code, i.e. C = 〈1, e,m, ψ〉 ⊕ 〈σ0, σ1〉, in the string-
net construction, the resulting theory (3.111) includes a
redundant copy of the toric code parent state (which is
time reversal symmetric) in addition to the Ising× Ising
twist liquid.
If we want to extract the relevant anyon content for
the twist liquid alone, we must work a bit harder and
refine the Drinfeld construction by solving a conditioned
set of 9-eq.’s. First, we note that the defect fusion cat-
egory C is, in general, only partially braided. This is be-
cause while the trivial defect sector C1 is identical to the
parent state B which has a modular braiding structure,
the non-trivial defect pieces do not. The initial modu-
lar braiding structure specifies the R-symbols that only
involve exchanging quasiparticles from the parent state
with each other. The redundant time reversal sector can
be removed from the final string-net result by reinstat-
ing these known R-symbols in the 9-eq.’s that come from
the original braiding structure of the parent state. The
solutions to these restricted 9-eq.’s precisely correspond
to the anyonic excitations in the twist liquid alone. This
procedure is known as the relative Drinfeld construction,
and we will demonstrate this in examples presented in
Section IV, V, VI and VII.
E. Gauging symmetry protected topological phases
We will conclude the discussion of the general gauging
procedure by elaborating on the brief earlier discussions
of combining topologically ordered phases with an any-
onic symmetry G with a symmetry protected topological
phase protected by the same symmetry group. Generi-
cally, symmetry protected topological phases (SPTs) are
short-range entangled states in (2 + 1) dimensions.4–10
They do not have bulk topological order, and do not
support topological ground state degeneracy or anyonic
excitations. They do, however, usually carry anoma-
lous boundary theories protected by symmetries. Their
bulk short-range entangled topologies are classified co-
homologically by H3(G,U(1)) where G is the symmetry
group4,119. If we want to gauge the symmetry, then the
cohomology class enters via a set of consistent defect F -
symbols FLMNK where L,M,N,K are group elements so
that LMN = K. These were discussed in more detail in
Section III B (in particular see Eq. (3.70)). The relation-
ship between Z2-SPT and gauging was first noticed by
Levin and Gu in Ref.131. The relation was later extended
to general finite Abelian symmetries, fermion systems132
and higher dimensions133, and realized in exact solvable
models134. Here we demonstrate the gauging of Z2 and
Z3 SPT’s, and show how they modify general Z2 and Z3
twist liquids when combined with topologically ordered
phases with global anyonic symmetries.
1. Gauging a Z2 SPT
There are two inequivalent short-range entangled
phases with Z2 = {1,m} symmetry. They are classi-
fied by H3(Z2, U(1)) = Z2 and characterized by the two
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inequivalent defect F -symbols
κm = Fmmmm = ±1 (3.116)
where m is the twofold defect with the defect fusion rule
m × m = 1. It was shown by Levin and Wen in Ref.
[82] that these two inequivalent fusion theories give rise
to two inequivalent topologically ordered phases – the
toric code (or a Z2 gauge theory) when κσ = +1 and the
double-semion model when κσ = −1. The toric code was
studied in detail in Section II. The double-semion model
is an Abelian topological state described by the K-matrix
K = 2σz in a 2-component Chern-Simons action (2.1).
The anyon contents of both the toric code and double-
semion theory contain the vacuum 1, the Z2 charge e, the
Z2 flux m, and a flux-charge composite ψ = e×m. The
two theories have identical fusion rules, but different ex-
change statistics. While the Z2 charge is always a boson,
the Z2 flux m is bosonic in the toric code but semionic
with spin hm = 1/4 in the double-semion theory. Ad-
ditionally, ψ is fermionic for the toric code but has spin
hψ = −1/4 in the double-semion theory.
2. Gauging a Z3 SPT
There are three inequivalent short-range entan-
gled phases with Z3 = {1, ρ, ρ} symmetry since
H3(Z3, U(1)) = Z3. The three cohomology classes can
be represented by the three inequivalent sets of defect
F -symbols
F ρρρρ = e
2pimi/3, F ρρρρ = e
−2pimi/3,
F ρρ¯ρ¯ρ = e
−2pimi/3, F ρρρρ = e
2pimi/3,
F ρ¯ρ¯ρρ = e
2pimi/3, F ρ¯ρ¯ρ¯1 = e
−2pimi/3
(3.117)
for m = 0, 1, 2 modulo 3, where all unspecified F -symbols
are trivial.
Gauging the Z3 symmetry leads to three distinct topo-
logical phases. They each contain nine anyons {1, z, z}×
{1, ρ, ρ} expressed as composition of flux ρ and charge z,
such that the braiding phase between ρ and z is e2pii/3.
The three topological phases each have different fusion
rules and exchange statistics. These can be evaluated by
the Drinfeld construction presented in Section III D. The
choice of defect F -symbols in (3.117) does not affect the
spins of the Z3 charges, and therefore they are always
bosonic. The 9-eq. that determines the spin of a Z3 flux
is given by
θ2ρ = Rρρρ Rρρρ = Rρρ1 = κρθ∗ρ (3.118)
where the Frobenius-Schur indicator is given by κρ =
F ρρρρ = e
2pimi/3. There are three solutions to the 9-
eq., and they correspond to the exchange phases of the
flux-charge composites {ρ0, ρ1, ρ2} = {ρ, zρ, zρ}. There
are three possible sets of spins
hρ =

0, 1/3, 2/3, for m = 0
1/9, 4/9, 7/9, for m = 1
2/9, 5/9, 8/9, for m = 2
. (3.119)
Unlike the double-semion theory, which has identical
fusion rules to the toric code, the fusion rules of the three
Z3 topological phases are not the same. They are distin-
guished by
ρ× ρ× ρ =

1, for m = 0
z, for m = 1
z, for m = 2
. (3.120)
This can be proven using the ribbon identity (3.8). The
three topological phases are Abelian and can be charac-
terized by 2-component Chern-Simons effective actions
(2.1) with the K-matrices
K =
(
0 3
3 0
)
,
(
4 5
5 4
)
,
(
−4 5
5 −4
)
(3.121)
for m = 0, 1, 2 respectively. The m = 0 state is
the conventional Z3 gauge theory, and the other two
have different properties. For example when m = 1,
the gauge charges 1, z, z are represented by the lattice
vectors 0, 6e1, 3e1, and the fluxes ρ0, ρ1, ρ2 are repre-
sented 7e1, 4e1, e1 respectively. The fusion group A =
Z2/KZ2 ∼= Z9 differs from that of the Z3-gauge theory,
which has A = Z3 × Z3.
3. Modifying a twist liquid by a SPT
The defect F -symbols of a globally anyonic G-
symmetric topological state will be modified by U(1)
phases
FLMNK → eiφLMNFLMNK (3.122)
if it is stacked with a copy of a (2 + 1)D G-SPT. Here
the set of phases {eiφLMN : L,M,N ∈ G} is a repre-
sentative of the cohomology class in H3(G,U(1)) that
classifies the SPT. This changes the 9-eq.’s in the Drin-
feld construction (see Section III D) that determine the
spin and braiding of anyons in the twist liquid.
When a (2 + 1)D-SPT S is sitting on top of a glob-
ally symmetric topological state B, a symmetry flux must
pass through both systems (see Fig. 11). When gauging
the symmetry, the flux across the SPT is bound to the
flux through the twist liquid. This confinement can be
captured nicely using an artificially extended construc-
tion and then condensing gauge charges to reproduce
our system of interest. To illustrate, we first gauge the
symmetries of S and B independently. Their pure gauge
charges are both characterized by irreducible represen-
tations z1, . . . , zr of the symmetry group G. We denote
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the charges by by z1S , . . . , z
r
S and z
1
B, . . . , z
r
B. They form
a closed fusion algebra built from tensor products of rep-
resentations. Additionally, all pure charges are bosonic
as they do not have internal structure.
Next we put the two twist liquids together by a tensor
product, and then condense the set of boson pairs
Z = {z1B ⊗ z1S , . . . , z1B ⊗ z1S} (3.123)
where ziS is the anti-partner so that the trivial anyon 1
is an admissible fusion channel of ziS × ziS . This conden-
sation effectively identifies the pure charges
zi ≡ ziB ⊗ 1 ≡ 1⊗ ziS , (3.124)
and confines all single-layer fluxes MB ⊗ 1 and 1 ⊗MS
into flux pairs M = MB ⊗MS , for M a non-trivial ele-
ment in G. This is because each component MB or MS
alone is non-local with respect to the condensate (3.123)
due to non-trivial braiding phases. The resulting state
is a new twist liquid with modified exchange statistics
and fusion rules. SPT’s therefore act as a transforma-
tion/permutation of the category of twist liquids
{SPT’s} {Twist liquids} −→ {Twist liquids} (3.125)
where  stands for tensor product with the boson pair
condensation (3.123).
IV. GAUGING CONJUGATION OR BILAYER
SYMMETRY IN SU(3)1
Our first example demonstrates how the non-chiral
string-net model can also capture the gauging transi-
tion of chiral topological states. The SU(3)1 topological
phase is a prototype bosonic bilayer quantum Hall state
with the K-matrix
KSU(3)1 =
(
2 −1
−1 2
)
(4.1)
chosen to be the Cartan matrix of the Lie algebra su(3).26
As a result the system carries a chiral su(3) Kac-Moody
CFT at level 177 on the edge, as illustrated by the conven-
tional bulk-boundary correspondence. This is an Abelian
topological state with Abelian quasiparticles 1, ψ1, ψ2,
and the fusion rules ψ1 × ψ2 = 1 and ψ1 × ψ1 = ψ2.
The topological spins are
θψ1 = θψ2 = e
2piihψ , hψ =
1
3
. (4.2)
This system has an effective Z2 bilayer symmetry which
is represented by the matrix M = σx, and interchanges
ψ1 ↔ ψ2. This symmetry is related to the non-trivial
reflection symmetry of the Dynkin diagram of the Lie
algebra; a symmetry which is also known as an outer
automorphism: Outer(su(3)) = Z2 as defined in (3.7).26
If we include the time reversed counterpart for SU(3)1,
then the resulting non-chiral theory has the same topo-
logical order (or is at least stably equivalent135) as a
Z3 discrete gauge theory38–44 (or the Z3 plaquette rotor
model102). For all of these cases the topological order is
equivalent to the quantum double of Z3:
D(Z3) ≈ SU(3)1 ⊗ SU(3)1 (4.3)
with K-matrix 3σx. The electric charges e, and magnetic
fluxes m, of the Z3 gauge theory are identified with the
SU(3)1 quasiparticles via ψ1 = em
2, ψ2 = e
2m, ψ1 = em
and ψ2 = e
2m2. We choose the convention here that
there is a braiding phase of e−2pii/3 between e and m.
The electric-magnetic symmetry switches e ↔ m. If
we translate this symmetry into the non-chiral SU(3)1⊗
SU(3)1 theory, it matches the action of the Z2 bilayer
symmetry, but it only acts on the chiral sector ψ1 ↔ ψ2,
while leaving the time reversed sector ψ1, ψ2 unchanged.
This is important since we are really interested in gaug-
ing the chiral SU(3)1 state, and will eventually want to
remove the vestigial SU(3)1 partner. Thus, even though
the string-net construction is inherently time-reversal in-
variant, we can still gauge the anyonic symmetries of chi-
ral states since the anti-chiral partner is inert under the
anyonic symmetry action. At the end of the process he
SU(3)1 sector can be easily excised from the theory since
it is both unaltered during the procedure, and is not cou-
pled with its time reversed partner.
Now let us focus on gauging this Z2 bilayer symme-
try. As mentioned, the non-chiral version of the theory
has the advantage of having an exactly solvable string-
net model describing the twist liquid, which we will
prove is identified with SU(2)4 ⊗ SU(3)1. The gaug-
ing/condensation relationships are illustrated in the fol-
lowing diagram:
SU(2)4 ⊗ SU(3)1
Condensation-ff
Gauging
D(Z3)
SU(2)4
∪
6
Condensation-ff
Gauging
SU(3)1
∪
6
(4.4)
The chiral twist liquid SU(2)4 of the bilayer symmet-
ric SU(3)1 will be extracted using the relative Drinfeld
construction described in Section III D.
Before we carry out the gauging procedure, it will be
helpful if we first describe the taxonomy of quasipar-
ticles in the resulting phase. From the bulk-boundary
correspondence, the anyon structure of the SU(2)4 bulk
phase is given by the primary fields of the CFT along the
boundary77. They are labeled by j = 0,1/2,1,3/2,2
with spins (or conformal dimensions)
θj = e
2piihj , hj =
j(j + 1)
6
= 0,
1
8
,
1
3
,
5
8
, 1, (4.5)
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and the braiding (or modular) S-matrix is(3.9)
Sj1,j2 =
1√
3
sin
[
pi(2j1 + 1)(2j2 + 1)
6
]
. (4.6)
The anyon 0 (which we would usually call 1) serves as
the vacuum, and the rest obey the fusion rules
2× 2 = 0, 2× 1 = 1, 2× 1
2
=
3
2
(4.7)
1
2
× 1
2
= 0+ 1,
1
2
× 1 = 1
2
+
3
2
(4.8)
1× 1 = 0+ 1+ 2. (4.9)
The quasiparticle 2 is an Abelian boson, and will be
identified as the Z2 charge for the gauged anyonic bi-
layer symmetry. The objects 1/2 and 3/2 are non-
Abelian anyons, and they have quantum dimensions
d1/2 = d3/2 =
√
3. They will be identified as the gauged
Z2 fluxes. Finally, 1 has integral quantum dimension
d1 = 2, and will arise as the super-selection sector ψ1+ψ2
after gauging.
Beginning with the gauged theory we might ask how
we can condense69,70 quasiparticles to return to the un-
gauged SU(3)1 theory. We can do this by condensing
the j = 2 boson. Hence, the non-Abelian quasiparticles
1/2 and 3/2 are confined because of the non-trivial −1
braiding phase with this boson. The dimension 2 quasi-
particle must split into the Abelian ones 1 = ψ1 + ψ2 so
that the fusion rule (4.9) becomes
(ψ1 + ψ2)× (ψ1 + ψ2) = 1 + 1 + ψ1 + ψ2 (4.10)
when 2 is identified with the vacuum 0(= 1). Both ψ’s
must have the same spin as their parents, θψi = θ1 =
e2pii/3, which, from the spin-statistics theorem, is also the
180◦ exchange phase between a pair of identical ψi. The
full 360◦ braid is its square DSψiψi = e4pii/3. From the
ribbon identity (3.8), the spin of the fused quasiparticle
is
θψi×ψi = DSψiψiθψiθψi = e2pii/3, (4.11)
and this forces ψ1×ψ1 = ψ2 and ψ2×ψ2 = ψ1. The trivial
fusion channels of (4.10) then require ψ1 × ψ2 = 1. The
resulting condensed phase thus matches with SU(3)1 =
〈1, ψ1, ψ2〉. As a consistency check, the braiding phase
between 1 (which recall is not the vacuum) and itself
matches that between ψi and ψj :
1 1
0
=
1
θ1θ1
=
1
ψ1 ψ2
=
1
θψiθψi
= e2pii/3 (4.12)
1 1
1
=
θ1
θ1θ1
=
ψi ψi
ψj
=
θψj
θψiθψi
= e−2pii/3. (4.13)
Moreover, the opposing braiding phases
1
1/2
1/2
= −
1
3/2
1/2
=
θ1/2
θ1/2θ1
= e−2pii/3 (4.14)
ensure the vanishing of the S-matrix element
DS1,1/2 = 1/21 = 0. (4.15)
This indicates that the components of the super-sector
1 = ψ1 + ψ2 must switch when cycling around the Z2
flux 1/2 as expected. The square of the braiding phases
in (4.14) is e2pii/3, which matches with the eigenvalue of
the double Wilson loop (see Fig. 2(b) and Ref. [37]) in
the defect theory.
A. Defect Fusion Category and Twist Liquid
Anyon Content
These arguments prove the forward horizontal arrows
of (4.4). To show the reverse directions, we actually need
to gauge the Z2 anyonic symmetry of SU(3)1 by con-
structing the Drinfeld center
Z(CSU(3)1) = SU(2)4 ⊗ SU(3)1 (4.16)
of the fusion category CSU(3)1 = 〈1, ψ1, ψ2〉 ⊕ 〈σ〉, where
σ is the twist defect of the bilayer symmetry. The defect
object σ satisfies the fusion rules
σ × ψi = σ, σ × σ = 1 + ψ1 + ψ2. (4.17)
This fusion category can be treated as a sub-category of
the full defect theory 〈1, ψ1, ψ2〉⊗〈1, ψ1, ψ2〉⊕〈σ0, σ1, σ2〉
of the quantum double D(Z3), where σ = σ0 is the (bare)
twist defect associated with the e-m/bilayer symmetry.
This is similar to the sub-category 〈1, ψ, σ0〉 of the full
defect theory 〈1, e,m, ψ, σ0, σ1〉 of the toric code in Sec-
tion II B 2.
The non-trivial, admissible F -symbols are given by37
Fσaσb = F
aσb
σ = e
− 2pii3 ab, [Fσσσσ ]
b
a = −
1√
3
e
2pii
3 ab
(4.18)
where a = e−ama, b = e−bmb run over the Abelian
subset 1, ψ1 = em
2, and ψ2 = e
2m, where the un-bolded
labels a, b ∈ Z3. Here the sign of Fσσσσ gives rise to a
non-trivial Frobenius-Schur indicator
κσ =
[Fσσσσ ]
1
1
|[Fσσσσ ]11|
= −1, (4.19)
which cannot be determined purely by the quasiparticle
string manipulation methods explained in Section III B.
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The FS indicator in general affects particle-antiparticle
duality (or bending) of a defect object χ
χ
χ
= dχ
[
Fχχχχ
]1
1
χ = κχ χ (4.20)
where dχ =
∣∣[Fσσσσ ]11∣∣−1. The sign (4.19) depends on the
details of the parent topological state and can change
when an extra layer of a non-trivial Z2 SPT is added
(see Section III B). The particular sign convention in
Eq. (4.18) is chosen to match the F -symbols of the
SU(2)4 state, and also the Z2-orbifold of the SU(3)1 edge
CFT.81
Now that we have given the properties of the parent de-
fect fusion category, we are ready to calculate the anyon
content of the twist liquid. As shown above, anyons in
a general twist liquid can be understood as composi-
tion of flux, quasiparticle super-sector, and charge (see
Sections III C and III E). First, for the case of trivial
flux, we have either the quasiparticle super-sectors 1 or
E = ψ1 + ψ2. For the vacuum super-sector 1, its cen-
tralizer is the full Z2 symmetry group which has two ir-
reducible representations for the charge. The two repre-
sentations produce either the 1 or z twist liquid anyons
that correspond to the vacuum and pure Z2 charge re-
spectively. On the other hand, for E = ψ1 +ψ2, it has the
trivial group as its centralizer since neither ψ1 nor ψ2 are
fixed under the symmetry. This shows that this super-
sector cannot carry non-trivial Z2 charge, i.e. z × E = E .
Next, for non-trivial flux σ, there are no non-trivial
species labels, and the resulting reduced centralizer is
the full Z2 group, whose non-trivial representation cor-
responds to non-trivial gauge charge. The two fluxes are
denoted by σ and zσ = z×σ. This set forms a collection
of five anyons and matches the content of the SU(2)4
state:
1 = 0, z = 2, E = ψ1 + ψ2 = 1
σ = 1/2, zσ = 3/2.
(4.21)
B. Explicit Drinfeld Construction of the Twist
Liquid
Now we can explicitly derive the twist liquid the-
ory through the Drinfeld construction defined in Sec-
tion III D. The Drinfeld anyons are specified by χ =
(x;Rx∗∗ ), where x belongs to the original defect fusion
category with fusion rules (4.17), and can be any linear
combination of the labels 1, ψ1, ψ2, σ. The matrix/symbol
Rx∗∗ encodes the braiding information, and is a solution
to the 9-eq.’s in Eq. 2.13 (see also Fig. 3).
We begin with x = 1. The exchange between 1 and a
pair of σ’s gives the 9-eq.’s
R1σσ R1σσ = R111 = R1ψiψi = 1 (4.22)
for i = 1, 2, and there are two solutions
1 =
(
1;R1ψiψi = R1σσ = 1
)
(4.23)
z =
(
1;R1ψiψi = −R1σσ = 1
)
. (4.24)
The trivial solution represents the true vacuum, and the
non-trivial z boson is the Z2 charge. It has a −1 braiding
phase around the Z2 flux since R1σσ = −1.
Next we solve the 9-eq.’s for Rσ∗∗ . The exchange of σ
with a pair of Abelian objects a,b gives the equation
e−
2pii
3 abRσaσ Rσbσ = Rσ(a×b)σ . (4.25)
The exchange of σ with another σ and an Abelian object
a gives the 9-eq.’s
Rσσb Rσaσ = Rσσa×be−
2pii
3 a(a+b). (4.26)
Also, the exchange of σ with a pair of σ′s gives
1√
3
e
2pii
3 abRσσa Rσσb = −
1
3
∑
c
e
2pii
3 (a+b)cRσcσ , (4.27)
where the three intermediate channels c run through
1, ψ1, ψ2 for c = 0,−1, 1 respectively.
We can see that Eq. (4.25) has three solutions
Rσaσ = e
2pii
3 a(a+r), for r = 0,±1. (4.28)
Now, for each r, (4.26) and (4.27) have two solutions
Rσσa = ±e−pii/4e
2pii
3 (r
2+ar−a2). (4.29)
These solutions correspond to six anyons in the Drinfeld
center, and they all represent the possible Z2 fluxes:
σr =
(
σ;Rσσa = −e−pii/4e
2pii
3 (r
2+ar−a2)
)
(4.30)
zσr =
(
σ;Rσσa = e−pii/4e
2pii
3 (r
2+ar−a2)
)
. (4.31)
The topological spins of the fluxes are the average of the
exchange phases over the admissible fusion channels
θσ =
1
dσ
(Rσσ1 +Rσσψ1 +Rσσψ2 ) = κσ(Rσσ1 )∗ (4.32)
θσr = e
pii/4e−
2pii
3 r
2
, θzθσr = −θσr , (4.33)
where κσ = −1 is the non-trivial Frobenius-Schur indica-
tor in (4.19). Comparing with the conformal dimensions
in (4.5), σ0 (where the subscript means r = 0) is identi-
fied with j = 1/2 in SU(2)4. The flux-charge composite
zσ0 = z × σ0 is identified with j = 3/2. The other Z2
fluxes are the composition of the bare flux with quasipar-
ticles in the time reversed SU(3)1 sector in (4.16) (to be
discussed below),
σr = σ0 × ψr (4.34)
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for r = 0,±1 mod 3 and ψ0 = 1.
The 9-eq.’s due to exchanging a ψi with a σ and a ψi/j
are
Rψiσσ Rψiψiψj = e−2pii/3Rψiσσ (4.35)
Rψiσσ Rψiψj1 = e2pii/3Rψiσσ . (4.36)
These require Rψiψiψj = e−2pii/3 and R
ψiψj
1 = e
2pii/3. The
quadratic 9-eq.’s from exchanging ψi with a pair of σ’s
Rψiσσ Rψiσσ = Rψiψj1 (4.37)
requireRψiσσ = ±epii/3. There are two solutions forRψi∗∗ :
ψi =
(
ψi;Rψiψiψj
∗
= Rψiψj1 = e
2pii
3 ,Rψiσσ = −e
pii
3
)
(4.38)
zψi =
(
ψi;Rψiψiψj
∗
= Rψiψj1 = e
2pii
3 ,Rψiσσ = e
pii
3
)
.
(4.39)
Since ψi generates the time reversal SU(3)1 sector in
(4.16), these anyons are in the time-reversed sector.
Because of the non-trivial action of the Z2 bilayer sym-
metry on the chiral sector, we find explicitly that (4.35)
and (4.36) forbid the original ψi from the parent SU(3)1-
state from appearing in the twist liquid. Similar to the
gauging in the toric code example, they form a super-
sector ψ1 +ψ2 that corresponds to irreducible matrix so-
lutions to the 9-eq.’s. The 9-eq.’s involving exchanging
the super-sector with a pair of ψ’s resulting in
R(ψ1+ψ2)ψi1 R(ψ1+ψ2)ψi1 = R(ψ1+ψ2)ψjψi (4.40)
R(ψ1+ψ2)ψiψj R
(ψ1+ψ2)ψi
ψj
= R(ψ1+ψ2)ψj1 (4.41)
R(ψ1+ψ2)ψi1 R(ψ1+ψ2)ψjψi = R
(ψ1+ψ2)1
ψj
= 1, (4.42)
which require R(ψ1+ψ2)ψi1 = R(ψ1+ψ2)ψjψi
∗
be cubes of
unity, for i 6= j. R(ψ1+ψ2)σσ is a 2 × 2 matrix acting
on the vertex degeneracy for (ψ1 + ψ2) × σ = 2σ. The9-eq.’s
R(ψ1+ψ2)σσ e−
2pii
3 µσzR(ψ1+ψ2)σσ
=
(
R(ψ1+ψ2)ψµ−1ψµ 0
0 R(ψ1+ψ2)ψµ+1ψµ
)
(4.43)
for µ = 0, 1, 2 mod 3 and ψ0 = 1, have solutions only
when
R(ψ1+ψ2)ψ11 = R(ψ1+ψ2)ψ21 (4.44)
=
{
e+2pii/3 → decomposable R(ψ1+ψ2)σσ
e−2pii/3 → irreducible R(ψ1+ψ2)σσ
.
As labeled, in the former case, Eq. (4.44) leads to
decomposable (diagonal) solutions for R(ψ1+ψ2)σσ =
±epii/3,±epiiσz/3. These are a trivial decomposition of
ψ1 + ψ2 into Abelian components in (4.38) and (4.39).
When Eq. (4.44) is e−2pii/3, then the 9-eq.’s (4.43) have
off diagonal solutions
R(ψ1+ψ2)σσ = e2pii/3
(
0 eiφ
e−iφ 0
)
(4.45)
where φ is a vertex gauge degree of freedom and can be
set to 0. The resulting anyon from the Drinfeld construc-
tion is
E =
(
ψ1 + ψ2;
R(ψ1+ψ2)ψi1 = R(ψ1+ψ2)ψiψj
∗
= e−2pii/3
R(ψ1+ψ2)σσ = e2pii/3σx
)
,
(4.46)
and corresponds to the quasiparticle j = 1 in SU(2)4.
This quasiparticle also has the correct spin
θE =
(
REE1
)∗
=
(
REψi1
)∗
= e2pii/3. (4.47)
The fusion z × E changes the R-symbol (4.45) by a
minus sign, Rzσσ = −1. This however can be absorbed
into the gauge degree of freedom φ, and corresponds to
the same solution to the 9-eq.’s. Thus we have the fusion
rule
z × E = E . (4.48)
The original degenerate fusion data σ×E = 2σ must split
into
σ0 × E = σ0 + zσ0 (4.49)
since the flux-charge composite zσ0 must also be admis-
sible due to (4.48) and fusion associativity: σ0 × E =
σ0 × (E × z) = (σ0 × E) × z. Finally, the fusion chan-
nels of a pair of super-sectors E must respect the original
data (4.10) and (4.48), so that both the vacuum 1 and
Z2 charge z are admissible. The distinct channels of
E × E = 1 + z + E (4.50)
can be distinguished by their braiding phases with the
Z2 flux σ.
We notice that, because the bilayer symmetry does not
act on the time-reversed sector, the time reversed quasi-
particles ψi are relatively local with respect to the Z2
fluxes σ0, zσ0, as well as the super-sector E . From the
R-symbols in (4.38) and (4.46) we can see explicitly that
ψi σ0
σi
= Rσψiσ Rψiσσ = 1 (4.51)
ψi E
E ψi
= REψiψj R
ψiψi
ψj
= REψi1 Rψiψj1 = 1. (4.52)
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The time reversed sector SU(3)1 = {1, ψ1, ψ2}, thus
completely decouples from SU(2)4 = {1, σ0, E , zσ0, z}.
The super-sector E can fuse with quasiparticles ψi in
the anti-chiral sector to give two additional super-sectors
Eψi. These last anyons complete the set of 15 anyons in
SU(2)4⊗SU(3)1, and completes the proof of the reverse
directions of (4.4).
At this point we have completed the conventional Drin-
feld construction and we are poised to excise the un-
wanted anti-chiral sector. The time reversed SU(3)1 sec-
tor can be removed by refining the Drinfeld construc-
tion relative to the parent SU(3)1-state. This refine-
ment simply means that we take into account the ini-
tial specified braiding information of the parent state
in the defect fusion category, which requires, for in-
stance, Rψiψi1 = θ
∗
ψi
= e−2pii/3. This forbids the solu-
tions to the 9-eq.’s (4.35) and (4.36), which would lead
to the time-reversed partners ψi. This relative Drin-
feld construction also does not allow the fluxes σ±1 and
zσ±1. This is because their fusion rules, for instance
σ1 × σ1 = ψ2 × (1 + ψ1 + ψ2), necessarily produce time-
reversed quasiparticles. Hence, the end result is the re-
moval of SU(3)1, leaving behind the twist liquid SU(2)4.
Finally, we notice that the non-trivial Frobenius-Schur
indicator κσ = −1 in (4.19) stems from the negative sign
of the F -symbol Fσσσσ in (4.18). A switch of the sign will
lead to a slightly different theory with identical fusion
rules but conjugate spins for the Z2 fluxes. This however
does not affect the overall chiral central charge (mod 8) of
the twist liquid as the spins of the fluxes θσ and θzσ can-
cel in the Gauss-Milgram formula (3.93). We will denote
these two theories by SU(2)±4 , i.e. these are the twist
liquids of SU(3)1 with κσ = ∓1, and hσ = ±1/8, re-
spectively. Hence, SU(2)+4 refers the conventional SU(2)
Kac-Moody theory at level 4.
C. Connections between the Z3-parafermions,
3-state Potts model, and the M(6, 5) model
We have just proved that gauging the bilayer symmetry
of of the FQH state SU(3)1 provides a possible route to
the desirable SU(2)4 state, and since experimental pro-
posals for realizing twist defects in bilayer FQH states
are already available35,136, it is plausible that this state
could be realized in experiments in the future. This par-
ticular twist liquid may be of practical interest in the
context of quantum computing. Although the SU(2)4
state does not contain a Fibonacci anyon59,137, it may
still support universal quantum computing138,139 if inter-
ferometric measurements140 are incorporated with braid-
ing operations.
As we will now argue, it turns out that there is also a
close connection between SU(3)1 and theories containing
Fibonacci anyons. The SU(3)1 theory appears as the
Abelian sector of the Z3 parafermion theory77,141 given
by the coset
SU(2)3
U(1)3
= (G2)1 × SU(3)1 = 〈1, τ〉 × 〈1, ψ1, ψ2〉,
(4.53)
which supports a Fibonacci anyon τ in (G2)1 = 〈1, τ〉
with spin hτ = 2/5 and quantum dimension dτ =
(1 +
√
5)/2. The notation (G2)1 refers to the exceptional
Lie group G2 at level 1.
77 Since G2 has a non-simply-
laced Lie algebra, it represents a non-Abelian theory even
at level 154,142. As a CFT, the parafermion theory was
shown to have 6 primary fields with conformal dimen-
sions summarized in Table V.77,141
Z3-parafermion
0 2/3 2/3
2/5 1/15 1/15
3-state Potts
0 2/3 3
2/5 1/15 7/5
M(6, 5) minimal model
0 1/8 2/3 13/8 3
2/5 21/40 1/15 1/40 7/5
TABLE V. Conformal dimensions of the primary fields of
three c = 4/5 CFT’s. The two rows are associated to the
Fibonacci sectors 1, τ coming from (G2)1. The columns in
each separate sub-table are associated to the anyon content
of the SU(3)1, SO(3)2 and SU(2)
−
4 sectors respectively (see
(4.53) and (4.54)).
Interestingly, there are two other theories that are
closely related to the coset theory (4.53), and all share
central charge c = 4/5. These are the 3-state Potts
model77,143–145 and the M(6, 5) minimal model77 (also
known as the tetracritical Ising model71,146). The field
contents of these theories are related to the parafermion
theory by the gauging of an anyonic symmetry. This is
easily seen by writing the latter two theories as
M(6, 5) = (G2)1 × SU(2)−4 = 〈1, τ〉 × 〈1, σ, E , zσ, z〉
3-Potts = (G2)1 × SO(3)4 = 〈1, τ〉 × 〈1, E , z〉. (4.54)
We can easily see the connection between the Z3-
parafermion and the M(6, 5) minimal model, i.e. the
(G2)1 part remains fixed, but the bilayer anyonic sym-
metry of the SU(3)1 sector of the parafermion theory is
gauged to generate the SU(2)−4 factor appearing in the
M(6, 5) model. Additionally, since it is SU(2)−4 appear-
ing, this represents the twist liquid of the SU(3)1 factor
with an additional Z2 SPT added in such that κσ = +1
and hσ = −1/8. From this we can see that the SO(3)4
factor in the 3-state Potts model is just a closed sub-
theory of SU(2)4 generated only by 0, E = 1 and z = 2.
However, SO(3)4 loses modularity as the non-trivial bo-
son z leads to braiding degeneracy. As CFT’s, the con-
formal dimensions of the primary fields of these theories
are summarized in Table V as well. The quantum di-
mensions match up with the spins of the ten anyons in
〈1, τ〉 × 〈1, σ, E , zσ, z〉 (modulo Z). For example the Z2
charge z corresponds to the bosonic field with conformal
dimension 3, and indicates a W3-algebra structure.
147,148
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V. THE SIXTEENFOLD SO(N)1 SERIES
For our second example we will present a noteworthy
family of interconnected topological phases. We begin
with the real orthogonal Lie groups SO(N) which have
simple Lie algebras that fall into two series that are sep-
arated into even and odd dimensional series:
Br = so(2r + 1), Dr = so(2r). (5.1)
At the boundaries of the topological quantum field the-
ories associated to the SO(N) groups there will be a se-
quence of (1+1)D affine Kac-Moody edge CFT’s at level
1,77 and the interlaced combination of the CFTs of both
series has a sixteen-fold classification. Consequently,
through the bulk-boundary correspondence, these define
a sixteenfold classification of bulk topological phases in
(2 + 1)D.20
The (2+1)D topological phases arising from the Br se-
ries are Ising non-Abelian states. On the other hand,
the Dr-states are Abelian and have K-matrix Chern-
Simons descriptions (see Eq. (2.1)), where the K-matrix
is identified with the symmetric Cartan matrix of the
simply-laced Lie algebra so(2r).26,77 The Z16 classifica-
tion is periodic because the Br-state (or Dr-state) is sta-
bly equivalent135 to the Br+8-state (resp. Dr+8-state) up
to the addition of a “trivial” E8-state. The E8 state is
a bosonic Abelian integer quantum Hall state with a K-
matrix consisting of the unimodular Cartan matrix of E8.
It has trivial topological order, but carries a chiral edge
central charge of c− = 85,20,26. The resulting periodicity
can be written as149
SO(N + 16)1 ≈ SO(N)1 ⊗ (E8)1 (5.2)
where the subscripts indicate level 1. Thus, the SO(N +
8)1 topological phase is said to be equivalent to the
SO(N)1 topological phase up to a “trivial” (E8)1 integer
quantum Hall state which has no topological order. In
the following, the number N is to be understood as being
defined modulo 16, and the rank r (c.f. 5.1) is defined
modulo 8. We will also use the fact that, generally, an
SO(N)1 state has chiral central charge c− = N/2.
Let us now consider the anyon content of these theo-
ries. The non-Abelian Br series has an Ising fusion struc-
ture with quasiparticles 1, ψ, σ, where
ψ × ψ = 1, ψ × σ = σ, σ × σ = 1 + ψ. (5.3)
The anyon ψ is always a fermion for all r, i.e. θψ = −1,
while the spin for the Ising anyon σ depends on the rank
r of Br = so(2r + 1) as
θσ = e
2piihσ , hσ =
2r + 1
16
. (5.4)
or small values of r we take SO(1)1 to be the conven-
tional Ising theory with c− = 1/2 and hσ = 1/16; and
SO(3)1 to be SU(2)2 = 〈1, ψ, σ〉 with c− = 3/2 and
hσ = 3/16. These are chosen to match the structure
found in SO(17)1 and SO(19)1 respectively, up to a triv-
ial E8 integer quantum Hall state.
The Abelian Dr series has an Abelian fusion structure
with four quasiparticles. When r is even, Dr has an
identical fusion content to that of the toric code with
quasiparticles 1, e,m, ψ where e2 = m2 = ψ2 = emψ = 1.
Again, ψ is always a fermion, but e,m are not always
bosons, and generally they have the r-dependent spins
θe/m = e
2piihe/m , he = hm =
r
8
. (5.5)
When r is odd, Dr has similar fusion content to the
bosonic Laughlin ν = 1/4 state with quasiparticles
1,m,m2 = ψ,m3, such that m4 = 1. The anyon ψ is
again aways a fermion while the spins of the remaining
quasiparticles are
θm/m3 = e
2piihm/m3 , hm = hm3 =
r
8
. (5.6)
For small values of r we take SO(0)1 to be the toric code
with c− = 0; and SO(2)1 to be the Abelian U(1)2-state
(or the Laughlin ν = 1/4 FQH state) with the K-matrix
K = 4. These are chosen to match the structure found
in SO(16)1 and SO(18)1 respectively, up to a trivial E8
integer quantum Hall state.
Let us consider some additional properties of each se-
ries, beginning with the Abelian case. A Dr-state can be
described by an r-component Abelian Chern-Simons the-
ory (2.1) with a K-matrix identical to the Cartan matrix
of Dr = so(2r):
K =

2 −1
−1 . . . . . .
. . . 2 −1 −1
−1 2 0
−1 0 2

r×r
, (5.7)
where the ellipsis indicates a continuation of the pattern,
and all other non-specified entries are 0.
Physically, these states can, in principle, be real-
ized by strongly proximity-coupling topological Chern
insulators150 to an s-wave superconductor as shown in
Ref. [151]. A Chern insulator is an electronic insula-
tor that realizes the quantum anomalous Hall effect, i.e.
the integer quantum Hall effect in the absence of an
external magnetic field. A Chern insulator is charac-
terized by an integer Chern invariant that both counts
the number of gapless chiral edge modes,152 and speci-
fies the Hall conductance, e.g. it determines the amount
of electron-charge attached to each unit of quantum flux
hc/qe (where qe is the electron charge) that is inserted
150.
Starting with a Chern insulator with Chern number r
(note this r will be connected to the rank r above), the
proximity-coupling to the superconductor breaks charge
conservation and condenses Cooper pairs ∼ ψψ. If the
fermion parity symmetry is gauged then this establishes
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the set of anyon excitations. First, the fermionic elec-
tron quasiparticle ψ is now non-local with respect to
the superconducting flux/vortex m = hc/2qe, as it ac-
quires a minus sign when encircling the flux. There are
also Caroli-de Gennes-Matricon bound states110 in the
core of the superconducting flux vortex m. Finally, the
m×ψ = e or m3 quasiparticle – for even or odd r respec-
tively – corresponds to an excited vortex with an oppo-
site fermion parity compared to the un-excited state.111
It is only after gauging the fermion parity that the hc/2qe
vortices become deconfined quantum excitations, and the
resulting state is the bosonic topological state Dr. This
also can be corroborated by observing that the chiral edge
CFT of the Chern insulator has a Kac-Moody structure
(u(1)1/2)
r, (i.e. r copies of chiral fermions) which is ef-
fectively extended to so(2r)1 in the presence of the su-
perconductivity after decomposing the r complex chiral
fermions into real and imaginary chiral Majorana modes.
The topological states in the Dr-series are equipped
with a global Z2 anyonic symmetry, which acts to switch
the parity of the hc/2qe vortex. For even r, this is the
same as an electric-magnetic symmetry that interchanges
e ↔ m, while for odd r, there is effectively a conjuga-
tion symmetry that switches m ↔ m3. For example,
the D8 = SO(16)1 state has an anyon content identical
to that of the conventional toric code, and thus exhibits
and electric-magnetic anyonic symmetry. In fact, the two
theories, i.e. SO(16)1 and our convention for SO(0)1,
are even stably equivalent up to an E8-state, which has
a trivial anyon content (and simply accounts for the dif-
ference in chirality). Thus, as we have already seen the
twist liquid arising from the toric code with a gauged e-m
symmetry, we expect that gauging the Z2 symmetry of
the Dr-series will therefore give rise to a series of twist
liquids that generalizes the Ising × Ising state presented
in Section II.
Let us now work out the details of this gauging proce-
dure more precisely. We will show that gauging the Z2
symmetry of SO(2r)1 leads to two possible twist liquids:
SO(2r)1
Gauging-ff
Condensation
SO(N0)1 ⊗ SO(N1)1 (5.8)
where N0 and N1 are odd integers satisfying
N0 = 2r −N1 =
{
r + 1 or r + 3, for even r
r or r + 4, for odd r.
(5.9)
We immediately see that the fusion content of the result-
ing twist liquid always has an (Ising)2 structure since the
gauging takes us from the D-series to two states in the
B-series. We denote the anyons in each sector by
{1, ψ, σ0} × {1, ψ′, σ1} (5.10)
where the Ising anyons have spins hσ0 = N0/16 and
hσ1 = N1/16 respectively. This structure can be derived
by the relative Drinfeld construction described in Sec-
tion III D. The detailed calculations are similar to that
of the toric code example considered earlier, and we will
only highlight the main features.
We begin proving (5.8) starting with the defect fu-
sion category of the parent SO(2r)1 state given by
〈1, e,m, ψ〉 ⊕ 〈σ0, σ1〉 for r even, or 〈1, e, ψ, e3〉 ⊕ 〈σ0, σ1〉
for r odd, with the fusion rules σ0 × σ0 = 1 + ψ and
σ1 = e × σ0. We notice for the odd case, although
there are two inequivalent quantum anyonic symmetries,
i.e. H2(Z2,Z4) = Z2 (see (3.26)), they correspond to
identical defect fusion rules. Just like the toric code,
the flux-super-sector-charge characterization defined in
Section III C leads to the (Ising)2 fusion structure in the
twist liquid given in (5.10). For instance,
σ0σ1 = σ0 × σ1 =
{
e+m, for even r
m+m3, for odd r
, z = ψ × ψ′
(5.11)
are the quasiparticle super-sector and Z2 charge respec-
tively.
Now we can derive the spins of the fluxes by solving
the 9-eq.’s involving σ (see Eq. (2.13) or Fig. 3). They
are identical to those in the toric code
(θ∗σ)
2
= (Rσσ1 )2 = κσ
(
1± i√
2
)
= κσe±pii/4 (5.12)
(see Eq. (2.19)) except for the possible extra sign in the
Frobenius-Schur (FS) indicator20,94
κσ =
[Fσσσσ ]
1
1
|[Fσσσσ ]11|
= ±1. (5.13)
This possible choice of sign (5.13) appears due to the
non-trivial defect classification H3(Z2, U(1)) = Z2 (see
Eq.(3.68)). This leads to the eight possible solutions θσ =
e2piiN/16, for N odd, and proves that the anyon decompo-
sition (5.10) must match the form SO(N0)1 ⊗ SO(N1)1
for odd-integer N0, N1.
Next we notice that the edge of a twist liquid must have
the same chiral central charge c− = cR−cL as its globally
symmetric parent state. This was shown in Eq. (3.98).
It can also be shown by the string-net construction (see
Eq. (3.115)) because the non-chiral string-net model con-
tains the twist liquid as well as the time reversed copy
of the parent state. Alternatively, we believe the edge
theory of the twist liquid can be derived from that of
its parent state by taking a G-orbifold,77,78 which does
not affect the chiral central charge. For example, the D1
state has the same anyon content as U(1)2 with the K-
matrix K = 4, and it is well known that its Z2 orbifold
theory has a double Ising structure:
U(1)2/Z2 = Ising⊗ Ising = B1 ⊗B1. (5.14)
In general one can compute the central charge mod-
ulo 8 by using the Gauss-Milgram formula (3.93), which
applies to any modular symmetric topological phase. In
the case of (5.10), the contributions to this formula from
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the Abelian sector {1, ψ, ψ′, z = ψψ′} cancel. This is be-
cause ψ is the fermion from the parent state, and z is the
pure Z2 charge which must be bosonic. The contribu-
tions from the twist-defect sector {σ0, σ1, zσ0, zσ1} must
also cancel due to the opposite spins
θσ = −θzσ, (5.15)
which can be proven by the ribbon identity (3.8), and
the fact that the braiding phase between a Z2 charge z
and a flux σ is minus one. Hence the central charge only
depends on the super-sector σ0σ1 = e + m or m + m
3,
which gives
c−
8
= hσ0σ1 = hσ0 + hσ1 = hm =
r
8
(5.16)
modulo 1. This enforces the constraint N0 + N1 = 2r if
the twist liquid is of the form of SO(N0)1 ⊗ SO(N1)1.
Finally, we notice that the Frobenius-Schur indicator
(5.13) for the fluxes σ0 and σ1 must be identical since
they originate from the same defect fusion category. This
rules out cases such as N0 = 2r − N1 = r ± 2 for odd
r since κσ = (−1)(N20−1)/8 = (−1)(N21−1)/8.20 Hence, the
possible decompositions SO(N0)1 ⊗ SO(N1)1 of the Z2
twist liquid are therefore only those given in (5.9). Now
let us try to give a more physical understanding of this
result.
A. Topological Transitions and Gauging Fermion
Parity in Chern Insulators
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FIG. 15. Phase diagram of Chern insulators with gauged
fermion parity. Vertical axis describes gauging transition (5.8)
and chirality/Chern number increases along horizontal axis.
Phase boundaries are (2 + 1)D quantum Ising transitions.
It is known that, when proximity coupled to an s-wave
superconductor, the quantum phase transition between a
trivial insulator (c− = 0) and a Chern insulator (c− = 1)
can be split into two separate Ising transitions that sand-
wich an intermediate, gapped chiral px + ipy-like super-
conducting phase (c− = 1/2).151 Using our analysis, we
can expand the idea behind this set of transitions to con-
struct a family of topological phase transitions connect-
ing the B and D series. Ref. [151] presented a phase
diagram for the proximity-coupled Chern insulator as a
function of two competing parameters: (i) a time-reversal
breaking parameter on the horizontal axis which drives
the trivial-to-topological insulator transition by chang-
ing the Chern invariant, and (ii) the superconducting
proximity coupling on the vertical axis, which drives the
insulator-to-superconductor transition.
In order to connect to that work we present a quali-
tatively similar phase diagram in Fig. 15. In our set-
ting, we should replace the parameter axis representing
the superconductor proximity-coupling by a “gauging”
axis, i.e. a parameter axis under which the system be-
comes unstable toward superconductivity and the sub-
sequent gauging of fermion parity. This is necessary if
we are to produce a state with topological order. For
example, we have seen that gauging the fermion par-
ity of a Chern insulator with Chern number r leads
to the bosonic Dr = SO(2r)1 states. A direct transi-
tion between the Dr and Dr+1 phases could be driven
through a change in the Chern number along the hori-
zontal direction of Fig.15. However, a transition where
the Chern number changes by one will generically be
separated into two Ising transitions in the presence of
superconductivity. The chiral central charge is modified
by δc− = 1/2 + 1/2 = 1 through these two Ising transi-
tions. In fact, the two Ising transitions will sandwich an
intervening non-Abelian Br = so(2r + 1)1 phase (i.e. a
(px + ipy)-like chiral phase, but with gauged fermion
parity). The phase boundaries eventually would meet
at high enough superconducting/fermion-parity gauging
coupling, after which the Br−1 and Br phases will no
longer be separated by an intermediate Abelian Dr phase
but instead by its non-Abelian twist liquid Br1⊗Br2 (see
Fig. 15 for a phase diagram). In other words, the gaug-
ing transition in (5.8) – the vertical direction in Fig.15 –
would generically also be separated into two Ising transi-
tions sandwiching some non-Abelian Br state. However,
in this case the two Ising transitions are opposing and
have opposite chiralities so that δc− = 1/2−1/2 = 0. In-
deed this matches our expectation that the twist liquid
should have a matching central charge with the parent
state. Although we do not have a model which exhibits
the full phase diagram, this illustration is useful to show
the interconnected relationships between the B and D
series states, and also that the appearance of the twist
liquid phase of the D-series is quite natural in this con-
text.
VI. ANYONIC TRIALITY SYMMETRY IN
SO(8)1
Now we move onto an Abelian topological state that
carries a non-Abelian anyonic symmetry. The SO(8)1
fractional quantum Hall state is described by a four-
component Chern-Simons effective action (3.1) with
KSO(8)1 =

2 −1 −1 −1
−1 2 0 0
−1 0 2 0
−1 0 0 2
 . (6.1)
The K-matrix is identical to the Cartan matrix of
the Lie algebra so(8), and as a result, the edge CFT
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carries a chiral SO(8) Kac-Moody structure at level
126,77. This topological phase has four quasiparticle types
1, ψ1, ψ2, ψ3, where 1 is the local bosonic vacuum, and
the ψi are all fermions with mutual semionic statistics:
DSψiψj = −1 for i 6= j. The fermions obey the fusion
properties
ψ2i = 1, ψ1 × ψ2 × ψ3 = 1. (6.2)
Since all non-trivial quasiparticles have the same spin,
and the fusion rules are also invariant under permutation,
the SO(8)1 state has a triality anyonic symmetry S3 that
permutes the three fermions ψi (see Ref. 26). The per-
mutation group S3 = Z2 n Z3 is generated by a twofold
reflection σ1 and a threefold rotation ρ represented by
σ1 =

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
 , ρ =

1 0 0 0
0 0 0 1
0 1 0 0
0 0 1 0
 . (6.3)
The reflection generator σ1 interchanges ψ2 ↔ ψ3 while
fixing ψ1, and ρ (or ρ
2) cyclicly rotates ψi → ψi+1
(resp. ψi → ψi−1). The other two reflections are defined
as
σ2 = σ1ρ, σ3 = σ1ρ
2, (6.4)
and they fix ψ2 and ψ3 respectively, while interchanging
the remaining two fermions.
The non-Abelian symmetry group S3 contains an
Abelian normal subgroup Z3 and three abnormal Z2 sub-
groups. Gauging different symmetries will lead to differ-
ent twist liquids as summarized by the following diagram:
= /Z3
/S3
Ising×
Z3 Z2
Z2
S3 = Z2  Z3
SO(8)1 SO(8)1
SU(3)3 SO(8)1
SO(7)1
(6.5)
Each arrow represents a gauging phase transition of a
particular symmetry. The quotients here refer to the
twist liquids obtained after gauging the symmetry in the
denominator. This notation is adopted from the corre-
sponding orbifolds of the (1 + 1)D edge CFT,77,78,81,153
whose primary fields match the (2 + 1)D bulk anyons
of the twist liquid. The bulk-boundary correspondence,
however, will not be presented in this article as it is not
a necessary tool.
A. Twofold and Threefold Defects and the Defect
Fusion Category
We will label twist defects according to their symme-
tries. The three reflections correspond to twofold defects
(σi)λ which can have species labels λ = 0, 1. The two
rotations correspond to threefold defects ρ and ρ which
have no non-trivial species labels26. The fusion structure
of the twofold defects is similar to the Z2-symmetric toric
code, or the more general SO(2r)1 models, discussed in
Section V:
(σi)λ × ψi = (σi)λ, (σi)λ × ψi±1 = (σi)λ+1
(σi)0 × (σi)0 = 1 + ψi, (σi)0 × (σi)1 = ψi−1 + ψi+1,
where the subscripts i refer to which reflection operation
each twofold defect corresponds, and the λ subscripts
refer to the species labels. Each twofold defect has quan-
tum dimension dσ =
√
2.
The threefold defects obey the fusion rules
ρ× ρ = 2ρ, ρ× ρ = 1 + ψ1 + ψ2 + ψ3 (6.6)
where ρ is the anti-defect of ρ, and is thus associated to
the symmetry ρ2, and Nρρρ = 2 indicates a fusion degen-
eracy. The fusion degeneracy implies that there are two
distinct ways to split the anti-partner ρ into a pair of
ρ’s. These splittings can be distinguished by a Wilson
loop measurement,25 and are represented by orthogonal
splitting states (see Eq. (C5)). By equating the quantum
dimensions on both sides of the fusion equation, the fu-
sion rule for ρ× ρ indicates that threefold defects should
have a quantum dimension of dρ = 2. The fusion de-
generacy is therefore necessary to balance the quantum
dimensions of the fusion equation ρ× ρ = 2ρ.
Finally, we note that the twofold and threefold defects
satisfy non-commutative fusion rules25,26:
(σi)λ × (σi+1)λ′ = ρ,
(σi)λ × (σi−1)λ′ = ρ,
σi × ρ = (σi+1)0 + (σi+1)1
σi × ρ = (σi−1)0 + (σi−1)1
.
From the cohomology classification we see that there
is not a non-trivial non-symmorphic quantum S3-
symmetry, i.e. H2(S3,ASO(8)1) = 0,119 where ASO(8)1 ∼=
Z22 is the group of Abelian quasiparticles in SO(8)1.
Hence, the above set of fusion rules is the only consistent
one. We will see that fter gauging the S3 symmetry, the
three twofold defects group into a single anyon by forming
a super-sector, and similarly for the two threefold defects
(see (6.48) and table IX later). Fusion commutativity is
then restored in the twist liquid.
The full defect fusion category is
CS3 = C1 ⊕ Cρ ⊕ Cρ ⊕ Cσ1 ⊕ Cσ2 ⊕ Cσ3 (6.7)
where C1 = 〈1, ψ1, ψ2, ψ3〉, as usual, contains quasiparti-
cles in the parent state and
Cρ = 〈ρ〉, Cρ = 〈ρ〉, Cσi = 〈(σi)0, (σi)1〉 (6.8)
are the non-trivial defect sectors. We also find that
CZ3 = C1 ⊕ Cρ ⊕ Cρ, CiZ2 = C1 ⊕ Cσi (6.9)
are closed defect subcategories involving only threefold
or twofold defects respectively.
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To complete the defect fusion category structure we
need to calculate the F -symbols. To express the F -
symbol basis transformations in a simple notation, it is
convenient to represent the Abelian quasiparticles by two
dimensional Z2-valued vectors a = (0, 0) = 1, (1, 0) = ψ1,
(0, 1) = ψ2, and (1, 1) = ψ3. In this notation, the three-
fold symmetry, for example, is represented by the Z2-
valued matrix
Λ3 =
(
0 −1
1 −1
)
≡
(
0 1
1 1
)
. (6.10)
The R-symbols between Abelian anyons in SO(8)1 can
be chosen to be
Rab = (−1)aTσxΛ23b (6.11)
so that the braiding phase, DSab = RabRba =
(−1)aTσxb, agrees with that from the conventional K-
matrix description.
Non-trivial F -symbols can be calculated in a simi-
lar fashion to that of a S3-symmetric lattice model in
Ref. [25]. We sketch the calculation Appendix C. The
F -symbols for the threefold defects in SO(8)1 are listed
in Table VI. They are evaluated by matching the Wilson
strings of the splitting states x×(y×z) and (x×y)×z, as
highlighted in Section III B. As discussed in Appendix C,
the F -transformations can be understood as a represen-
tation of the double cover of A4 which is the group of
even permutations of 4 elements, or equivalently, the ro-
tation symmetries of a tetrahedron. For instance the pi-
rotations are represented by
Aψ1 = iσx, Aψ2 = −iσy, Aψ3 = iσz (6.12)
where σx,y,z are the Pauli matrices; and 2pi/3-
rotation, say about the 111-axis, takes the form:
exp
[
pi
3
(Aψ1+Aψ2+Aψ3√
3
)]
. And indeed, these matrices
show up in the defect F -symbols (see Table VI and Ap-
pendix C).
The F -matrices in Table VI also come with a certain
phase ambiguity. They can be modified by the Z3 phases
F ρρρρ → e2pimi/3F ρρρρ , F ρρρρ → e−2pimi/3F ρρρρ ,
F ρρ¯ρ¯ρ → e−2pimi/3F ρρ¯ρ¯ρ , F ρρρρ → e2pimi/3F ρρρρ ,
F ρ¯ρ¯ρρ → e2pimi/3F ρ¯ρ¯ρρ , F ρ¯ρ¯ρ¯a → e−2pimi/3F ρ¯ρ¯ρ¯a ,
(6.13)
while keeping all others unchanged. These modifications
preserve the pentagon identities (Fig. 7), and give rise
to three topologically inequivalent sets of F -symbols, for
m = 0, 1, 2, that cannot be related by gauge transforma-
tions on the splitting states. Their differences are clas-
sified cohomologically by H3(Z3, U(1)) = Z3 (see also
Section III E 2). This affects particle-antiparticle duality
(see (4.20)) in threefold defects as the phase contributes
to the Frobenius-Schur indicator20,94
κρ = κ∗ρ =
[
F ρρρρ
]1
1
/∣∣∣∣[F ρρρρ ]1
1
∣∣∣∣ = e2piim/3. (6.14)
Threefold defect F -symbols for SO(8)1
F abca+b+c 1
F ρabρ R
a(Λ3b)
F abρρ R
b(Λ23a)
F aρbρ DS(Λ3a)b
F ρρab R
a(Λ23b)
F aρρb R
(a+b)(Λ23a)
F ρaρb DSa(Λ3b)Ra(Λ3a)
F ρρaρ R
aaAa
F aρρρ AΛ23a
F ρaρρ R
a(Λ23a)AΛ3a
F ρρρa Aa exp
[
pi
3
(Aψ1+Aψ2+Aψ3√
3
)]
[
F ρρρρ
]b
a
1
2
DS(Λ3a)bRb(Λ3b)[
F ρρρρ
]
a
1√
2
RaaAΛ3aAψ2[
F ρρρρ
]b 1√
2
Rbb exp
[
pi
3
(Aψ1+Aψ2+Aψ3√
3
)]
Aψ1Ab
TABLE VI. The R-symbols are defined in (6.11). DSab =
RabRba is the braiding phase of a around b. The 2× 2 ma-
trices Aa act on splitting degeneracy ρ→ ρ× ρ or ρ→ ρ× ρ,
and can be represented by Pauli matrices (6.12). F -symbols
with interchanged ρ ↔ ρ are not listed explicitly but can
obtained by replacing Λ3 ↔ Λ23.
The three distinct collections of F -matrices are all legal
sets of defect basis transformations. Physically, the non-
trivial phase modification can be understood by the addi-
tion of a (2+1)D Z3 SPT, which is classified by the same
group cohomology and contributes the Z3 phases (3.117),
to the SO(8)1 state. Consequently, these choices corre-
spond to three distinct non-Abelian twist liquid states
that can arise after gauging the Z3 subgroup of the S3
symmetry.
The K-matrix (6.1) for the Chern-Simons description
of the parent state provides more information than just
the bulk anyon structure. We can also determine a
possible edge theory. The edge state in this case con-
sists of four chiral U(1)-bosons, and by performing a Z3-
orbifold of the chiral CFT,81 the phase ambiguity of the
F -symbols can be fixed to m = 2 modulo 3Z. However,
in this article we consider the more general situation with
all possible m.
Table VI only specifies the F -symbols for the CZ3 sub-
category of threefold defects. The full set of F -symbols
for the entire CS3 defect category will not be presented in
this article. Although they would be necessary for con-
structing the string-net model, one can derive the anyon
properties of the full S3-twist liquid from just a subset of
F -symbols. In addition to the symbols in Table VI, we
will only need the ones from a single CZ2 sector:[
Fσ3σ3σ3σ3
]b
a
=
(−1)s+a2b2√
2
, F aσ3bσ3 = F
σ3aσ3
b = (−1)a2b2 ,
(6.15)
where a = (a1, a2) is a Z2-valued vector labeling the four
SO(8)1 quasiparticles. We have already discussed the
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derivation of these F -symbols in our discussion of the
Z2 defect fusion category of the toric code. We remind
the reader that there is a phase ambiguity represented
by the Z2 valued quantity s = 0, 1 that relates to the
Frobenius-Schur indicator κσ = (−1)s.
With the structure of the defect fusion category in
place, we will now discuss the gauging procedure. We
will consider three separate procedures: (i) we will briefly
comment on gauging a Z2 sector, (ii) we will discuss gaug-
ing of the Z3 sector, and (iii) we will gauge the full S3
symmetry.
B. Gauging Z2
Gauging the Z2 symmetry would lead to one of the
Ising-like theories as described in Section V Eq. (5.8)
SO(8)1
Gauging Z2-
{
SO(3)1 ⊗ SO(5)1 if κσ = −1
Ising⊗ SO(7)1 if κσ = +1
(6.16)
where the SO(N)1 theory for odd N contains quasiparti-
cles 1, ψ, σ with spins h1 = 0, hψ = 1/2, and hσ = N/16.
The two inequivalent theories in (6.16) differ from each
other by the Frobenius-Schur indicator κσ = ±1, which
is the sign of [Fσσσσ ]
1
1, and is classified cohomologically
by H3(Z2, U(1)) = Z2. These two theories are connected
by attaching the parent SO(8)1 state with a Z2-SPT (see
Section III E). Interestingly, since the Z2 symmetry is not
a normal subgroup of the full S3 triality symmetry, the
Z3 symmetry is broken by the gauging process, and it is
no longer an anyonic symmetry of the non-Abelian Z2
twist liquid state. Thus, if we gauge the Z2 symmetry
initially this is as far as we can take it.
C. Gauging Z3
Now let us consider gauging the threefold symmetry of
SO(8)1.
SO(8)1
Gauging Z3-ff
Condensation
SU(3)3. (6.17)
We will show that the result is a non-Abelian topologi-
cal phase very similar to the SU(3)3 state. Let us review
the properties of the SU(3)3 topological phase. From the
bulk boundary correspondence, the anyons of the bulk
non-Abelian state are in one-to-one correspondence to
the primary fields of the edge chiral affine Kac-Moody
su(3) algebra at level 3.77,153 There are 10 primary fields
in this CFT, and they are labeled by the dimensions of
the truncated irreducible representations of su(3). Their
conformal dimensions – the spins of the corresponding
anyons – and their quantum dimensions are listed in Ta-
Anyons 1 3 3 6 6 8 10 10 15 15
hx 0
2
9
2
9
5
9
5
9
1
2
1 1 8
9
8
9
dx 1 2 2 2 2 3 1 1 2 2
TABLE VII. The conformal dimensions hx (and therefore the
resulting spins θx = e
2piihx) and quantum dimensions dx of
the ten anyons of the non-Abelian SU(3)3 state.
ble VII. They obey the following fusion rules:
1× x = x, 10× 10 = 10, 10× 10 = 1
3× 10 = 6, 3× 10 = 15, 8× 10 = 8
3× 3 = 3+ 6, 3× 3 = 1 + 8 (6.18)
8× 8 = 1 + 10+ 10+ 8+ 8
8× 3 = 3+ 6+ 15.
The Abelian bosons 10 and 10 will be identified as Z3
charges because of their threefold braiding phases
3
6
10
=
θ6
θ3θ10
= e2pii/3,
3
15
10
=
θ15
θ3θ10
= e−2pii/3
(6.19)
around the non-Abelian anyon 3, which, along with 6
and 15, will be identified as Z3 fluxes. The threefold
nature of the fluxes is shown by the fusion rule
3× 3× 3 = 1 + . . . (6.20)
obtained by combining the fusion equations (6.18) with
the reverse fluxes 3, 6, and 15.
The non-Abelian SU(3)3 state can be reduced back
to the Abelian SO(8)1 state by condensing the boson
charges 10 and 10. All six threefold fluxes are confined
during this process, as they are non-local with respect to
the charges. The dimension 3 fermion will be identified
as a super-sector 8 = ψ1 + ψ2 + ψ3 with three Abelian
components. Upon condensation, the fusion rule for 8×8
in (6.18) becomes
(ψ1 + ψ2 + ψ3)× (ψ1 + ψ2 + ψ3)
= 1 + 1 + 1 + 2ψ1 + 2ψ2 + 2ψ3 (6.21)
and 8 must therefore decompose into the three distinct
Abelian fermions ψi that form SO(8)1.
Now we will explicitly gauge the Z3 symmetry of
SO(8)1, and show that the twist liquid state must have
an SU(3)3-like structure. From the defect fusion cate-
gory, we know there are three distinct (cohomologically)
inequivalent possibilities, labeled by m = 0, 1, 2, distin-
guished by the fusion and spin/statistics of Z3 fluxes.
First, we summarize the resulting anyon structure in Ta-
ble VIII, and the braiding S-matrix (6.22) can be deter-
mined by (3.9) to be:
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Anyons χ Dimensions dχ Spins θχ
1 1 1
z3 1 1
z3 1 1
Ψ = ψ1 + ψ2 + ψ3 3 −1
ρ0 2 e
2piim
9
ρ1 2 e
2pii(m+3)
9
ρ2 2 e
2pii(m−3)
9
ρ0 2 e
2piim
9
ρ1 2 e
2pii(m+3)
9
ρ2 2 e
2pii(m−3)
9
TABLE VIII. The quantum dimensions dχ and spin/statistics
θχ = e
2piihχ of anyonic excitations in the twist liquid
SO(8)1/Z3 derived by gauging the Z3 symmetry of SO(8)1.
m = 0, 1, 2 is fixed by the choice of F -symbols (6.13,6.14) in
the defect fusion category.
S =
1
D

1 1 1 3 2 2 2 2 2 2
1 1 1 3 2e
2pii
3 2e
2pii
3 2e
2pii
3 2e−
2pii
3 2e−
2pii
3 2e−
2pii
3
1 1 1 3 2e−
2pii
3 2e−
2pii
3 2e−
2pii
3 2e
2pii
3 2e
2pii
3 2e
2pii
3
3 3 3 −3 0 0 0 0 0 0
2 2e
2pii
3 2e−
2pii
3 0 −2e 4piim9 −2e
4pii(m−3)
9 −2e
4pii(m+3)
9 −2e− 4piim9 −2e−
4pii(m−3)
9 −2e−
4pii(m+3)
9
2 2e
2pii
3 2e−
2pii
3 0 −2e
4pii(m−3)
9 −2e
4pii(m+3)
9 −2e 4piim9 −2e−
4pii(m−3)
9 −2e−
4pii(m+3)
9 −2e− 4piim9
2 2e
2pii
3 2e−
2pii
3 0 −2e
4pii(m+3)
9 −2e 4piim9 −2e
4pii(m−3)
9 −2e−
4pii(m+3)
9 −2e− 4piim9 −2e−
4pii(m−3)
9
2 2e−
2pii
3 2e
2pii
3 0 −2e− 4piim9 −2e−
4pii(m−3)
9 −2e−
4pii(m+3)
9 −2e 4piim9 −2e
4pii(m−3)
9 −2e
4pii(m+3)
9
2 2e−
2pii
3 2e
2pii
3 0 −2e−
4pii(m−3)
9 −2e−
4pii(m+3)
9 −2e− 4piim9 −2e
4pii(m−3)
9 −2e
4pii(m+3)
9 −2e 4piim9
2 2e−
2pii
3 2e
2pii
3 0 −2e−
4pii(m+3)
9 −2e− 4piim9 −2e−
4pii(m−3)
9 −2e
4pii(m+3)
9 −2e 4piim9 −2e
4pii(m−3)
9

(6.22)
where the total quantum dimension is D = 6, and the
entries of the S-matrix and anyon list in Table VIII have
the same ordering.
Now let us derive this structure. We first interpret
the anyons as compositions of gauge flux, quasiparti-
cle super-sector, and gauge charge as described in Sec-
tion III C. The Z3 gauge group has conjugacy classes
[1], [ρ], [ρ2]. The trivial defect sector C1 = 〈1, ψ1, ψ2, ψ3〉
has two Z3-orbits 1 and Ψ = ψ1 + ψ2 + ψ3. These are
the quasiparticle super-sectors for trivial gauge flux. As
1 is fixed by the entire gauge group, it can carry any
of the three Z3 charges 1, z3, z3, which are distinguished
by their braiding phases around a threefold flux ρ accord-
ing to the irreducible representations 1, e2pii/3, e−2pii/3 re-
spectively. The super-sector Ψ is incapable of carrying
a gauge charge because the only symmetry that fixes a
component of Ψ is the trivial one, which only has a trivial
representation.
Now let us consider the non-trivial flux sectors. The
threefold flux ρ does not carry species labels because the
quotient ASO(8)1/(1 − Λ3)ASO(8)1 is trivial. Hence, the
centralizer is the whole group Z3, which has three irre-
ducible representations. Thus there are three inequiva-
lent fluxes ρ0, ρ1, ρ2 which differ from each other by the
gauge charge they carry. Similarly there are three reverse
fluxes ρ0, ρ1, ρ2. This completes the full set of allowed
anyons.
Just as in our previous discussions in Section III D, the
string-net model constructed from the defect subcategory
CZ3 in (6.9) will be non-chiral. In this case it captures
the gauging phase transition of one of its chiral sectors
while leaving the other chiral sector untouched:
SO(8)L1 ⊗ SO(8)R1
Gauging Z3-ff
Condensation
SU(3)L3 ⊗ SO(8)R1
(6.23)
where L/R labels the sectors with opposite chiralities.
We can work out more properties of the anyons by con-
structing the excitations of the string-net theory using
the Drinfeld anyon construction: χ = (x;Rx∗∗ ), where x
is some simple object in CZ3 , and the R-symbols Rx∗∗ are
unitary solutions to the 9-eq.’s in (2.13) (see also Fig. 3).
First we begin with x = 1. The 9-eq.’s for exchanging
x with a pair of threefold defects are
R1ρρ R1ρρ = R1ρρ , R1ρρ R1ρρ = R1ρρ . (6.24)
They have three solutions corresponding to the true vac-
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uum and two Z3 charges
1 =
(
1;R1ρρ =
(
R1ρρ
)−1
= 1
)
z3 =
(
1;R1ρρ =
(
R1ρρ
)−1
= e2pii/3
)
(6.25)
z3 =
(
1;R1ρρ =
(
R1ρρ
)−1
= e4pii/3
)
.
They are Abelian bosons that have non-trivial braiding
phases e2pini/3 around a threefold flux ρ. Their fusion
properties are fixed by multiplying the braiding phases.
z3 × z3 = z3, z3 × z3 = 1. (6.26)
Therefore, they correspond the anyons z3 = 10 and z3 =
10 of SU(3)3.
Next we solve the 9-eq.’s that determine the Drinfeld
anyons with x = ρ. They are associated with the three-
fold defect of SO(8)1 and correspond to Z3 fluxes. Ex-
changing the defect ρ with another pair of ρ’s requires[
Rρρρ
]
[F ρρρ1 ]
[
Rρρρ
]
= [F ρρρ1 ]Rρρ1 [F ρρρ1 ] (6.27)
when the triplet fuses to ρ × ρ × ρ → 1. Note that the
bracketed symbols are 2 × 2 matrices due to the fusion
degeneracy ρ×ρ = 2ρ. Since F ρρρ1 has unit determinant,
(6.27) implies
det
[
Rρρρ
]2
=
(
Rρρ1
)2
. (6.28)
This condition determines the possible exchange statis-
tics of the Z3 fluxes
θρ = Tr
[
Rρρρ
]
=
(
Rρρ1
)∗
κρ (6.29)
where κρ is the Frobenius-Schur indicator
κρ =
[
F ρρρρ
]1
1
∣∣∣[F ρρρρ ]11∣∣∣−1. (6.30)
Here the second equality of (6.29) is the spin-statistics
theorem that identifies exchange statistics with a 2pi
twist.20 In order for Rρρρ to be a unitary matrix and
Tr
[
Rρρρ
]
to be a U(1)-phase, the R-symbol must take the
form of Rρρρ = θρei(pi/3)dˆ·~σ where dˆ is a unit 3-vector, σj
are Pauli matrices, and by combining (6.28) and (6.29),
the phase θρ must satisfy
θρ
3 = ±κρ. (6.31)
From Table VI and (6.13), there are three (cohomolog-
ically) inequivalent Frobenius-Schur indicators κρ ∈ Z3.
They correspond to three distinct sets of solutions, and
describe three different gauged phases:
θρn = ±e2pi(m+3n)i/9, for κρ = e2pimi/3 (6.32)
where m is fixed, and n = 0, 1, 2 label three distinct Z3
flux-charge composites ρn which satisfy
ρn × z3 = ρn+1, ρn × z3 = ρn−1. (6.33)
Since the string-net model is non-chiral, and only the
symmetry in the left sector is gauged, the right SO(8)R1
sector is left unchanged. Combining the threefold flux
with a fermion in the opposite sector ρL×ψR will change
the spin statistics relation by a minus sign in (6.32).
We see the exchange statistics θρn only matches the
conformal dimensions of the primary fields 3, 6 and 15
in SU(3)3 for a particular m (see Table VII), which is
fixed by the Frobenius-Schur indicator κρ. The three
distinct theories originate from three different symme-
try enriched topological phases of the underlying SO(8)1
state, and each is separated from another by a Z3 SPT.
Upon gauging, the threefold flux also passes through the
additional SPT (see Fig. 11). This accounts for the dif-
ference of exchange statistics.
Next, we see there is a 1-parameter family of solutions
to the hexagon equation (6.27). Particular solutions can
be chosen from the A4 group structure of the F -symbols,
for example the threefold rotation about the 111-axis
Rρρρ = θρn exp
[
pi
3
(Aψ1 +Aψ2 −Aψ3√
3
)]
(6.34)
where Aψi are given by (6.12). The full 2pi braid Rρρρ Rρρρ
of a pair of threefold fluxes has two distinct eigenvalues
θ2ρe
±2pii/3. The ribbon identity (see (3.8))
θρ =
ρ
ρn ρn
= Rρρρ R
ρρ
ρ θρnθρn = θ
4
ρne
±2pii/3 (6.35)
can be used to determine the fusion channels of ρ×ρ→ ρ.
For example, for m = 0, ρ0 is a boson (θρ0 = 1), as
seen in (6.32), and (6.35) requires the fusion outcome
ρ0×ρ0 → ρ to have spin θρ = e±2pii/3. There are therefore
two equally possible outcomes ρ = ρ1 or ρ2. In general,
the ribbon identity (6.35) forces the fusion rule
ρn × ρn =

ρn−1 + ρn+1 for m = 0
ρn−1 + ρn for m = 1
ρn + ρn+1 for m = 2
. (6.36)
This resolves the fusion degeneracy ρ× ρ = 2ρ that was
present in the defect theory.
Now let us consider the fermion sector. The 9-eq.’s
for the triple ψi × ψj × ρ enforce a requirement on the
exchange phase Rρψiρ Rρψjρ = (−1)1+δijRρ(ψi×ψj)ρ . The
Z3 fluxes, restricted to the left chiral sector, correspond
to the threefold symmetric solution Rρψiρ = −1. On
the other hand, non-symmetric solutions, like Rρψ1ρ =
Rρψ2ρ = −Rρψ3ρ = −1, correspond to Z3 fluxes attached
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with a fermion in the right (anti-chiral) sector, such as
ρL × ψR3 . Similar to the previous examples, the origi-
nal Abelian anyons group together to form a threefold
symmetric non-Abelian super-sector
Ψ = ψ1 + ψ2 + ψ3. (6.37)
There is an irreducible solution to the 9-eq.’s involving
exchanging Ψ with a pair of threefold defects
RΨρρ =
(
RΨρρ
)−1
=
 0 1 00 0 1
1 0 0
 (6.38)
where the 3 × 3 matrix acts on the fusion degeneracy
Ψ× ρ = 3ρ. Its eigenvalues are cube roots of unity, and
therefore, if we multiply by an additional exchange phase
Rz3ρρ = e2pii/3 it only modifies (6.38) up to a basis trans-
formation. As a result, the super-sector is unchanged by
an addition of a threefold charge:
z3 ×Ψ = z3 ×Ψ = Ψ. (6.39)
The full 2pi braid of the Ψ with a threefold flux RΨρρ R
ρΨ
ρ
has three distinct eigenvalues −1,−e2pii/3,−e−2pii/3.
They correspond to the three fusion channels
Ψ× ρn = ρ0 + ρ1 + ρ2. (6.40)
This can be verified by the ribbon identity and the
fermionic statistics θΨ = θψi = −1. Finally, the origi-
nal fusion rule (6.21) must be modified into
Ψ×Ψ = 1 + z3 + z3 + 2Ψ (6.41)
due to (6.39). This also shows that the super-sector is a
simple self-conjugate object after gauging the Z3 symme-
try. The non-Abelian fermion Ψ has a quantum dimen-
sion of dΨ = 3, and matches the adjoint representation
8 of SU(3)3. This completes the properties of the twist
liquid anyons and shows their correspondence to the con-
tent of SU(3)3.
D. Gauging the full S3 symmetry
We have seen that gauging the Z3 symmetry that
cyclicly rotates the fermions ψ1, ψ2, ψ3 of SO(8)1 leads
to a non-Abelian SU(3)3-like state. It has ten anyonic
excitations including the trivial vacuum 1, two three-
fold charges z3 and z3, six threefold fluxes ρn, ρn for
n = 0, 1, 2, and a super-sector Ψ = ψ1 + ψ2 + ψ3
originating from the three original fermions. The full
anyonic symmetry of SO(8)1 is the permutation group
S3 = Z2 n Z3. After gauging Z3, the global anyonic
Z2 symmetry remains un-gauged in the su(3)3-like state.
The remaining Z2 is identified with the conjugation sym-
metry that acts to switch z3 ↔ z3, since the threefold
and twofold symmetries do not commute. Additionally
the symmetry switches ρn ↔ ρn, which we can see from
the adjoint action of the twofold operator, σρσ−1 = ρ−1.
One can also see this from the fact that the threefold
charges must be flipped to preserve the braiding phases
DSz3ρn = DSz3ρn = e2pii/3.
Anyons χ Dimensions dχ Spins θχ
1 1 1
z2 1 1
z3 + z3 2 1
ρ0 + ρ0 4 e
2piim/9
ρ1 + ρ1 4 e
2pii(m+3)/9
ρ2 + ρ2 4 e
2pii(m−3)/9
Ψ 3 −1
z2Ψ 3 −1
Σ0 3
√
2 e2pii(1+2s)/16
z2Σ
0 3
√
2 e2pii(9+2s)/16
Σ1 3
√
2 e2pii(7−2s)/16
z2Σ
1 3
√
2 e2pii(15−2s)/16
TABLE IX. The quantum dimensions dχ and spin/statistics
θχ = e
2piihχ of deconfined fluxes, charges, and super-sectors
of the twist liquid SO(8)1/S3 derived from gauging the S3
symmetry of SO(8)1. m = 0, 1, 2 and s = 0, 1 correspond to
six (cohomologically) distinct gauging theories.
Gauging the full S3 symmetry of SO(8)1 is therefore
equivalent to gauging the Z2 conjugation symmetry of
the SU(3)3-like state. We will not present the string-net
(Drinfeld) construction below, but instead we will argue
the anyonic structure from the general gauging principle.
The quasiparticle excitations, their spin/statistics, and
quantum dimensions are summarized in Table IX.
First, the non-self-conjugate anyons in SU(3)3 must
group into super-sectors. This includes the threefold
charges z3 + z3 and fluxes ρn + ρn. The two dimen-
sional super-sector z3 +z3 can be interpreted as the pure
S3 charge corresponding to the 2D irreducible represen-
tation E of S3 (see the character table of S3 in Table X).
The flux super-sector ρn + ρn is a combination of gauge
flux [ρ] = [ρ2], and one of the three gauge charges that ir-
reducibly represents the centralizer Zρ = Z3 of the three-
fold element of S3. The pure Z2 charge z2 is characterized
by the 1D irreducible representation A2 of S3 that gen-
erates a −1 braiding phase around a twofold flux. From
the tensor product rules for representations
A2 ⊗A2 = A1, A2 ⊗ E = E
E ⊗ E = A1 ⊕A2 ⊕ E
(6.42)
we can determine the fusion rules for pure charges
z2 × z2 = 1, z2 × (z3 + z3) = (z3 + z3)
(z3 + z3)× (z3 + z3) = 1 + z2 + (z3 + z3).
(6.43)
Since the twofold elements of S3 live outside of the
centralizer Zρ = Z3 of the threefold element ρ, the fluxes
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Tr [1] [ρ] [σ]
A1 1 1 1
A2 1 1 −1
E 2 −1 0
TABLE X. The character table of S3. The rows are labeled
by irreducible representations and the columns are labeled by
conjugacy classes.
ρn + ρn cannot carry twofold charges, and therefore
z2 × (ρn × ρn) = (ρn × ρn). (6.44)
Other fusion rules involving the threefold fluxes originate
from the SU(3)3 theory:
(ρn + ρn)× (ρn + ρn) =1 + z2 + Ψ + z2Ψ
+ (ρn−1+m + ρn−1+m)
+ (ρn+1+m + ρn+1+m),
(z3 + z3)× (ρn + ρn) =(ρn−1 + ρn−1)× (ρn+1 + ρn+1),
Ψ× (ρn + ρn) =
2∑
r=0
(ρr + ρr), (6.45)
where m = 0, 1, 2 are fixed and (cohomologically) label
three distinct possible SU(3)3-like states. We note that
the appearance of the twofold charge z2 in the first equa-
tion is a consequence of (6.44). Here the quasiparticle
super-sector Ψ = ψ1+ψ2+ψ3 can carry a twofold charge:
z2Ψ = z2 ×Ψ. (6.46)
This is because each of its components ψi are fixed by
a twofold permutation σi : ψi−1 ↔ ψi+1. The twofold
charge therefore carries the non-trivial representation of
the centralizer subgroup ZΨ1 = Z2 (see Section III C for
the notation). The fusion of Ψ with the threefold charge
is modified to
(z3 + z3)×Ψ = Ψ + z2Ψ (6.47)
required by fusion associativity and z2× (z3 + z3) = z3 +
z3.
Now let us consider the properties of the twofold de-
fects. We mentioned earlier that gauging a Z2 sym-
metry of SO(8)1 would lead to the Ising-like theory
SO(N)1 ⊗ SO(8−N)1 for some odd N . However, mak-
ing a particular twofold defect σi quantum dynamical
breaks the threefold symmetry. This is because the de-
fect twists orbiting fermions asymmetrically, ψi ↔ ψi
and ψi−1 ↔ ψi+1. This is related to the fact that Z2 is
not a normal subgroup of the full symmetry group S3.
However, the super-sectors
Σ0 = σ01 + σ
0
2 + σ
0
3 , Σ
1 = σ11 + σ
1
2 + σ
1
3 (6.48)
are threefold symmetric. Here the subscripts on the σ
represent which fermion each twofold defect leaves fixed,
and the superscripts label the species of the defects so
that σ1i = σ
0
i × ψi±1, i.e. the non-trivial species label
represents the attachment of a fermion which is not fixed.
The full centralizer subgroup is Zσi = {1, σi} = Z2. Since
the symmetry acts trivially on the species labels λ, which
live in the quotient ASO(8)1/(1 − σi)ASO(8)1 , then the
reduced centralizer is also Z2. As a result, the twofold flux
can carry a non-trivial twofold charge z2 which carries the
non-trivial representation of the centralizer Zλσi = Z2.
However, it cannot carry a threefold charge. We thus
have
z2Σ
λ ≡ z2 × Σλ
(z3 + z3)× Σλ = Σλ + z2Σλ
(6.49)
where the first equation is a notational definition.
Other fusion rules for these defects can be deduced
from what we already know about the rules for the Ising-
like state SO(N)1⊗SO(8−N)1 that arises from gauging
the Z2 symmetry of the toric code:
Σλ × Σλ = 1 + (z3 + z3) + Ψ +
2∑
n=0
(ρn + ρn)
Σ0 × Σ1 = Ψ + z2Ψ +
2∑
n=0
(ρn + ρn)
Ψ× Σ0 = Σ0 + Σ1 + z2Σ1 (6.50)
Ψ× Σ1 = Σ0 + z2Σ0 + z2Σ1.
For instance, for χ = z3,Ψ, ρn, the admissible vertex
structures χ× χ→ χ in the splitting stateΣ
χ
Σ
 =
 + +Σ Σ
χ
χ
χ
 (6.51)
allow the fusion channels in the first equation of (6.50).
Finally, the fusion of a twofold and a threefold flux must
result in twofold fluxes because of the S3 group structure,
e.g. the operation ρσi = σi−1. We thus have the fusion
rule
(ρn + ρn)× Σλ = Σ0 + z2Σ0 + Σ1 + z2Σ1. (6.52)
Here both species λ = 0, 1 are admissible because a three-
fold defect can always donate a fermion (ρ = ψi+1 × ρ)
and change the species of a twofold defect (σi)λ+1 =
ψi+1 × (σi)λ (see Eq. (C3) for the splitting state); and
similarly the twofold charges can be generated by z2 ×
(ρ + ρ) = ρ + ρ (see (6.44)). Hence, the Z2 fluxes have
quantum dimension dΣ = 3
√
2. Their spin/statistics are
determined by their constituents, and are identical to the
Ising anyons in the SO(N)1 ⊗ SO(8−N)1 state.
We notice that gauging the S3 symmetry could lead
to six distinct theories. They are distinguished by the
two integer labels m = 0, 1, 2 and s = 0, 1 that ap-
pear in the spin statistics of the Z3 and Z2 fluxes
respectively (Table IX). The integer m also dictates
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the fusion rules of a pair of Z3 fluxes (see (6.36) and
(6.45)). These quantities originate from the Frobenius-
Schur indicators20,94 κσ = [Fσσσσ ]11
∣∣[Fσσσσ ]11∣∣−1 = (−1)s
and κρ = [F ρρρρ ]11
∣∣[F ρρρρ ]11∣∣−1 = e2piim/3 (see eq.(5.13)
and (6.14)) that govern the particle-antiparticle dual-
ity (4.20) of the twofold and threefold defects. These
U(1)-phases in the F -symbols cannot be absorbed by
basis transformations of fusion vertices, and they corre-
spond to the six cohomology classes (m, s) ∈ Z3 × Z2 =
H3(S3, U(1)) that classify inequivalent defect fusion the-
ories of SO(8)1. Different theories are physically repre-
sented by adding a 2D bosonic S3-SPT to the SO(8)1
state. These SPT states are classified by the same coho-
mology group. The addition of the SPT state does not
alter the topological order or anyon structure because
SPT’s are short range entangled states. However, the
basis transformations (F -symbols) of defects are modi-
fied by non-trivial phases as twist defects now live on
both the SO(8)1 and the SPT “layers” (see Fig.11).
We can summarize the anyon braiding via the modular
S-matrix in (6.53) which is calculated by (3.9) using the
fusion and spin statistics information:
S =
1
D

1 1 2 4 4 4 3 3 3
√
2 3
√
2 3
√
2 3
√
2
1 1 2 4 4 4 3 3 −3√2 −3√2 −3√2 −3√2
2 2 4 −4 −4 −4 6 6 0 0 0 0
4 4 −4 −8 cos 4pim9 −8 cos 4pi(m−3)9 −8 cos 4pi(m+3)9 0 0 0 0 0 0
4 4 −4 −8 cos 4pi(m−3)9 −8 cos 4pi(m+3)9 −8 cos 4pim9 0 0 0 0 0 0
4 4 −4 −8 cos 4pi(m+3)9 −8 cos 4pim9 −8 cos 4pi(m−3)9 0 0 0 0 0 0
3 3 6 0 0 0 −3 −3 −3√2 −3√2 3√2 3√2
3 3 6 0 0 0 −3 −3 3√2 3√2 −3√2 −3√2
3
√
2 −3√2 0 0 0 0 −3√2 3√2 0 0 6 −6
3
√
2 −3√2 0 0 0 0 −3√2 3√2 0 0 −6 6
3
√
2 −3√2 0 0 0 0 3√2 −3√2 6 −6 0 0
3
√
2 −3√2 0 0 0 0 3√2 −3√2 −6 6 0 0

(6.53)
where the total quantum dimension is D = 12, and the
entries are arranged to have the same order as the anyon
listed in Table IX. This matrix depends on the coho-
mological parameter m, but not s, however, generically
one would expect the S-matrix to have a dependence on
both. For this case, while the S-matrix is s-independent,
the T -matrix, which contains the spin information, will
depend on s as seen above.
VII. TRIALITY SYMMETRY IN THE CHIRAL
“4-POTTS” PHASE
Previously, we discussed the globally S3-symmetric
SO(8)1 state, which led to the Z2, Z3, and S3-twist liq-
uids in (6.5). That was the simplest Abelian state that
carries a global triality anyonic symmetry. Now, as a
lead-in to future work, we will explore a non-Abelian
parent state that possesses a S3-anyonic symmetry. Al-
though the general gauging framework presented previ-
ously in Section III tackles only Abelian parent states
in general, we will see that the main ideas also apply
in this non-Abelian case. For instance, the anyons in
the twist liquid can still be understood as compositions
of gauge fluxes, quasiparticle super-sectors, and gauge
charges. We also still find that the total quantum dimen-
sion increases by a factor of |G|, the order of the anyonic
symmetry group, after gauging. This strongly suggests
the gauging framework in Section III should be applica-
ble to all globally symmetric parent states regardless of
their character.
Anyons χ Quantum Dim dχ Conformal Dim hχ
1 1 0
j1, j2, j3 1 1
Φ 2 1/4
σ1, σ2, σ3 2 1/16
τ1, τ2, τ3 2 9/16
TABLE XI. The spins (encoded as conformal dimensions) hχ
and quantum dimensions dχ of anyons in the S3-symmetric
parent state “SU(2)1/Dih2” = “4-Potts”.
The S3-symmetric parent state under consideration
here has an anyon content that corresponds to the 11
primary fields in one of the chiral sectors of the 4-state
Potts model.79,80 The (1 + 1)D boundary of the (2+1)D
topological parent state we want to consider is charac-
terized by the orbifold CFT SU(2)1/Dih2,
78,154 where
Dih2 is the (double cover) group of pi-rotations about
x, y, z, which are a subgroup in the continuous 3D rota-
tion group SU(2). Since we lack a better name, and to
abbreviate the terminology, we will refer to this (2 + 1)D
bulk topological state by its boundary theory, and will
call it either
“4-Potts” or equivalently “SU(2)1/Dih2” (7.1)
where the quotation marks indicate that it is referring
to the (2 + 1)D bulk. The spins (encoded as conformal
dimensions) and the quantum dimensions of the anyons
in this theory are listed in Table XI.
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The fusion rules are generated by
ja × ja = 1, ja × ja±1 = ja∓1
Φ× ja = Φ, Φ× Φ = 1 + j1 + j2 + j3
σa × σa = 1 + ja + Φ (7.2)
σa × σa±1 = σa∓1 + τa∓1
σa × ja = σa, σa × ja±1 = τa, σa × Φ = σa + τa
where a = 1, 2, 3 modulo 3Z. The F -symbols that gener-
ate basis transformations can be evaluated (up to gauge
transformations) by solving the hexagon and pentagon
equation (Eq.!(2.13) and Fig. 7). In particular we choose
F
jµjνjλ
jµ×jν×jλ = F
jaΦja
φ = F
ΦjaΦ
ja
= 1
FΦjajaΦ = F
jajaΦ
Φ = F
jaΦΦ
ja
= FΦΦjaja = 1
F
jaΦja±1
Φ = F
ΦjaΦ
ja±1 = −1 (7.3)
FΦΦΦΦ =
1
2
(
1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1
)
, Fσaσaσaσa =
1
2
(
1 1
√
2
1 1 −√2√
2 −√2 0
)
F
Φjaja±1
Φ =
(
F
jaja±1Φ
Φ
)−1
= F
ja±1ΦΦ
ja
=
(
FΦΦjaja±1
)−1
= ±i
where the rows and columns for FΦΦΦΦ are arranged ac-
cording to the internal fusion channels {1, j1, j2, j3} of
Φ× Φ, and those for Fσaσaσaσa are arranged according to{1, ja,Φ}. These will be useful in understanding the de-
fect fusion category later.
The modular S-matrix that characterizes braiding can
be generated from the spin and fusion properties via
Eq. (3.9) and is given by:79,80
S =
1
D0

1 1 1 1 2 2 2 2 2 2 2
1 1 1 1 2 2 −2 −2 2 −2 −2
1 1 1 1 2 −2 2 −2 −2 2 −2
1 1 1 1 2 −2 −2 2 −2 −2 2
2 2 2 2 −4 0 0 0 0 0 0
2 2 −2 −2 0 √8 0 0 −√8 0 0
2 −2 2 −2 0 0 √8 0 0 −√8 0
2 −2 −2 2 0 0 0 √8 0 0 −√8
2 2 −2 −2 0 −√8 0 0 √8 0 0
2 −2 2 −2 0 0 −√8 0 0 √8 0
2 −2 −2 2 0 0 0 −√8 0 0 √8

(7.4)
where the total quantum dimension is D0 = 4
√
2, and
the entries are arranged to have the same order as the
anyon listed in Table XI.
The chiral “4-state Potts” phase is S3-symmetric be-
cause the fusion, spin, and braiding properties are invari-
ant under the simultaneous permutation of {j1, j2, j3},
{σ1, σ2, σ3}, and {τ1, τ2, τ3}. The threefold (θ) and
twofold (αa) generators of the group respectively relabel
θ : (ja, σa, τa)→ (ja+1, σa+1, τa+1)
αa : (ja±1, σa±1, τa±1)→ (ja∓1, σa∓1, τa∓1)
(7.5)
while fixing the other anyons.
A. The symmetry tower SU(2)1/Γ
Remarkably, the chiral “4-state Potts” phase lies in
the middle of an interesting series of topological states.
The series begins with the conventional SU(2)1 state,
which has the same topological order as the Laughlin
ν = 1/2 bosonic FQH state. It is described by the (2 +
1)D Chern-Simons theory (2.1) with K = 2, and this
Abelian theory contains the anyon content {1, φ}, where
φ is a semion with spin hφ = 1/4. The boundary theory
of this state is realized by the (1 + 1)D conformal field
theory with an SU(2) current algebra at level 1.77 This
CFT also appears in one of the chiral sectors of the anti-
ferromagnetic Heisenberg spin chain (also known as the
XXX model).145
Beginning with this edge CFT, Ginsparg, in Ref. 78,
observed a series of CFT’s with central charge c = 1
generated by taking orbifolds of the SU(2)1 CFT. This
family of orbifolds is characterized as a set of (1 + 1)D
theories defined on periodic space-time where the SU(2)1
currents Jx, Jy, Jz transform across the periodic bound-
aries according to operations in a discrete point group
Γ, which is a subgroup of SU(2). This series can be
classified, as it is known that three dimensional point
groups have an ADE classification.155 The Aˆr series
corresponds to r-fold cyclic rotations Cr around a pri-
mary axis. The Dˆr series corresponds to dihedral groups
Dihr, each containing a twofold rotation with an axis
perpendicular to that of a primary r-fold rotation axis.
The exceptional groups Eˆ6, Eˆ7, and Eˆ8 correspond to
the tetrahedral group T , the octahedral group O, and
the icosahedral group I respectively. For a physical in-
terpretation, we can view the family of orbifold CFT’s
SU(2)1/Γ
78–80 as arising at the self-dual critical points
of certain 2D classical restricted solid-on-solid (RSOS)
models where nearest neighbor “heights” correspond to
adjacent nodes of the Dynkin diagram of the extended
ADE algebra.78,145,156,157 However, we will not appeal
to this physical interpretation here.
From the bulk boundary correspondence, these orb-
ifold CFT’s are the chiral boundary theories of a series
of (2 + 1)D twist liquids “SU(2)1/Γ” that are related to
each other by a sequence of gauging transitions. We note
that here, the notation “SU(2)1/Γ” is abused to refer a
(2 + 1)D topological phase with a chiral boundary that
carries a Γ-orbifold CFT of SU(2)1. Specifically, we are
interested in the tower of symmetry groups
C2 ⊂
Z2- Dih2 ⊂
Z3 - T ⊂
Z2 - O (7.6)
where it should be noted that each of these finite point
groups here is actually a double cover in SU(2). To be
explicit Dih2 is the double-cover of the group of 180
◦
rotations about the x, y, z-axes, the tetrahedral group T
extends Dih2 by the threefold rotations about the (111)-
axis, and the octahedral group O extends T by twofold
rotations about the (110)-axis. The important result is
that this tower (7.6) will lead to a series of twist liquids
obtained by sequentially gauging the symmetry groups
on the arrows beginning from the SU(2)1 state.
By applying this idea, we immediately see the parent
state we wish to study in this section – the (2+1)D topo-
logical state with the anyon content that corresponds to
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the chiral 4-state Potts model (see Table XI) – is actually
already a twist liquid of another parent state
U(1)4 =
chiral 4-Potts =(2)1
Z2 Z2
(2)1/C2
(2)1/Dih2SU
SU
SU
. (7.7)
Here the first arrow signifies the gauging of a twofold
symmetry of the bosonic Laughlin state SU(2)1. As
mentioned earlier, the Z2 = {1, s} symmetry does not
relabel the anyons in this state as the semion φ is self-
conjugate. We thus have a non-trivial projected quan-
tum symmetry120 that is cohomologically classified by
H2(Z2,Z2) = Z2 (see Section III A). For the non-trivial
cohomology class we will have the defect fusion rule
s× s = φ (7.8)
instead of the conventional s × s = 1, for the (bare)
twofold flux s (see (3.63) in Section III B 3). This dif-
ference is related to the fact that 360◦ rotation in the
double cover SU(2) of SO(3) is minus one. The result-
ing twist liquid “SU(2)1/C2” is topologically identical to
the strong paired state U(1)4, which can be represented
in Abelian Chern-Simons theory (2.1) with K = 8. The 8
quasiparticles 1, s, s2, . . . , s7 are generated by the funda-
mental flux s, which has spin hs = 1/16. The non-trivial
boson s4 is identified as the Z2 charge of the twist liquid.
Interestingly, U(1)4 also has a conjugation symme-
try s ↔ s = s7, which is an anyonic symmetry since
it clearly changes the anyon types. If we proceed to
gauge this twofold symmetry we will find the twist liq-
uid “SU(2)1/Dih2”=“U(1)4/Z2”, which has exactly the
anyon content of the “4-Potts” phase listed in Table XI.
We can identify the anyons as follows:
j1 = conjugation charge, j2 = s
4, j3 = j1 × j2
Φ = s2 + s2 (7.9)
σ1 = s+ s, σ2 = conjugation flux, σ3 = s× σ2
τ1 = s
3 + s3, τ2 = j1 × σ2, τ3 = s× τ2.
The theory has a total quantum dimension of
D4-Potts = 4
√
2 (7.10)
which is twice of that of the strong paired state U(1)4,
and four times that of the Laughlin state SU(2)1. This is
exactly what one would expect from our general analysis,
and it shows that the “4-Potts” state is already a twist
liquid. There is a subtlety here which we have avoided
by successively gauging the symmetries to arrive at “4-
Potts” instead of attempting to gauge the double cover
of Dih2 right from the start in the parent SU(2)1 state.
The trouble arises from the fact that this group would
have non-trivial projective representations and, so far,
our anyons have been carrying honest charge represen-
tations. This detail adds another layer of complication
onto this process, and we will save a full discussion for
future work.
As mentioned above, the “4-Potts” state also has any-
onic symmetry, and we want to continue our gauging
process. Just like SO(8)1, the S3-symmetry of the chi-
ral 4-state Potts phase can be successively gauged. This
gives rise to the twist liquids
Z3 Z2
Z2
S3 = Z2  Z3
(2)1/ T
(2)1/O
(2)1/Dih4
(2)1/Dih2SU
SU
SU
SU
(7.11)
In fact, we see that if we relate this back to the initial
SU(2)1 state then the tetrahedral group T and octahe-
dral group O appear, just as we listed in the tower of
symmetry subgroups (7.6). For instance, the threefold
symmetry θ and a twofold symmetry αa of S3 shuffles
the twist fields σb of Dih2 (see (7.5)) according to how
the x, y, z-axes are rotated by the threefold and twofold
symmetries. The non-commutative product of group el-
ements αaθα
−1
a = θ
−1 between twofold and threefold
symmetries matches how a threefold rotation about the
(111)-axis is reversed by a twofold rotation about the
(110)-axis. Finally, similar to SO(8)1, the threefold sym-
metry is broken if any one of the three twofold symme-
tries αa is gauged. If we gauge one of the twofold sym-
metries we break out of the tower pattern and find in-
stead a twist liquid which is related to the SU(2)1 state
through the gauging of the symmetry group Dih4. This
dihedral group contains a special fourfold rotation, say
about the z-axis, which is a combination of the twofold
rotations about (001) and (110). The twofold (001) axis
corresponds to one of the non-Abelian anyon σ3 in the
“4-state Potts” model, while the (110)-axis corresponds
to one of the twofold symmetry α3 in (7.5).
Before continuing on to gauging the S3 symmetry, let
us make some comments about this appealing symmetry-
tower structure. The SU(2)1/Γ series serves as an exam-
ple that unifies a series of topological phases B/Γi related
by gauging. In general, a solvable tower of a group Γ, is
a series of subgroups
1 = Γ0 ⊂
G1 - Γ1 ⊂
G2 - . . . ⊂
Gn- Γn = Γ (7.12)
where each Γi is a normal subgroup of Γi+1, and the
quotient Gi = Γi/Γi−1 is Abelian. The solvable tower
then leads to a series of twist liquids
B G1- B/Γ1 G2 - . . . Gn- B/Γn (7.13)
starting with the globally Γ-symmetric parent state B,
where each intermediate step B/Γi is a Gi−1-twist liquid,
but is also globally Gi-symmetric.
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We can already learn much about this set of twist liq-
uids from previous work in a different context. For ex-
ample, Dijkgraaf et.al. in Ref. [79] present the primary
fields, as well as the fusion and scaling dimensions, of
the orbifold CFT’s SU(2)1/Dih2 and SU(2)1/T . Later
Cappelli and D’Appollonio in Ref.[80] derived the modu-
lar S and T transformations of the T,O, I orbifold CFT’s
of SU(2)1. The corresponding (2 + 1)D bulk twist liq-
uid phases can be shown to carry an anyon content that
matches the primary fields of the known orbifold CFT’s.
As such, the detailed Drinfeld calculation can, and will,
be omitted. For now we will focus on the S3-defect fu-
sion category of the (2+1)D “SU(2)1/Dih2” parent state
before gauging the anyonic symmetry. This new defect
theory provides the input for the Drinfeld construction,
and hence the related string-net model that contains the
S3-twist liquid “SU(2)1/O” as its ground state.
B. The S3-defect fusion category
The non-Abelian state “SU(2)1/Dih2” has the anyonic
symmetry group S3 = {1, θ, θ, α1, α2, α3} that relabels its
11 anyons according to (7.5). This forms the defect fusion
category
CS3 = C1 ⊕ Cθ ⊕ Cθ ⊕ Cα1 ⊕ Cα2 ⊕ Cα3 (7.14)
where C1 is generated by the 11 anyons in the parent
state “SU(2)1/Dih2” listed in Table XI, and the other
sectors are generated by threefold (θ, θ¯, ω, ω¯) and twofold
(α, µ) twist defects:
Cθ = 〈θ, ω〉, Cθ = 〈θ, ω〉
Cαa =
〈
α0a, α
1
a, α
2
a, α
3
a,µa
〉 . (7.15)
These defects can be understood as the fluxes of the oc-
tahedral point group. The defects θ and ω correspond to
threefold rotations about diagonal axes like (111), µa cor-
responds to twofold rotations about axes such as (110),
and αa correspond to fourfold rotations about the x, y, z-
axes. We have chosen a bold symbol for µa because, as
we will see below, it will carry a larger quantum dimen-
sion than the αa.
We provide a detailed derivation of the relevant fea-
tures of the defect fusion category in Appendix D. For
now we will simply list the important results. We begin
with the threefold defects in Cθ. There are two species
of threefold defects θ and ω and they differ from each
other by the fusion with the semion φ from the bosonic
Laughlin state SU(2)1, i.e. θ × φ = ω. The quantum
dimensions of the threefold defects (derived in Appendix
D) are
dθ = dω = 4. (7.16)
This implies that the total quantum dimension for the
defect sector Cθ = 〈θ, ω〉 is
DCθ =
√
d2θ + d
2
ω = 4
√
2 = D0, (7.17)
which is the same as the dimension of the parent state.
Next we describe the twofold defects in Cαa . For each
a = 1, 2, 3 there are four species of twofold defects αsa
for s ∈ Z4 = {0, 1, 2, 3}, which are distinguished by an
algebraic structure shown in Appendix D. There is also
another twofold defect µa, which is related to the others
by
µa = α
s
a × σa±1 = αsa × τa±1 (7.18)
independent of s = 0, 1, 2, 3. The defect quantum dimen-
sions are derived in Appendix D and are found to be
dαsa = 2, dµa = 4. (7.19)
The total quantum dimension for the defect sector Cαa =
〈α0a, α1a, α2a, α3a,µa〉 is therefore
DCαa =
√
4d2αsa + d
2
µa
= 4
√
2 = D0, (7.20)
which again is the dimension of the parent state.
Finally, we note that similar to the SO(8)1 state, the
non-Abelian S3-symmetry in the “4-Potts” state implies
non-commutative fusion rules between twofold and three-
fold defects. This is shown explicitly, along with the other
fusion rules in the defect fusion category in Appendix D.
C. Gauging the Z3 symmetry
Gauging the threefold symmetry of the
“SU(2)1/Dih2” phase (i.e. the chiral “4-state Potts”
phase) leads to the twist liquid “SU(2)1/T”. There are
three inequivalent possibilities labeled by m = 0, 1, 2.
They can be interchanged between one another by
the addition of Z3-SPTs, which are classified coho-
mologically by H3(Z3, U(1)) = Z3 (see Section III E).
Here we will omit the detailed Drinfeld derivations and
only highlight the results. The exchange statistics and
quantum dimensions of the 21 quasiparticles in the
resulting twist liquid are summarized in Table XII.
Anyons χ Dimensions dχ Spins θχ
1n 1 1
Φn 2 e
2pii 1
4
j = j1 + j2 + j3 3 1
σ = σ1 + σ2 + σ3 6 e
2pii 1
16
τ = τ1 + τ2 + τ3 6 e
2pii 9
16
ωn, ωn 4 e
2pii(m9 +
n
3 )
θn, θn 4 e
2pii( 14+
m
9
+n
3 )
TABLE XII. The exchange statistics θχ = e
2piihχ (which
should be distinguished from the anyons θn) and quan-
tum dimensions dχ of quasiparticles in the Z3-twist liquid
“SU(2)1/T”. n = 0, 1, 2 labels the charge components.
m = 0, 1, 2 is fixed and corresponds to the three (cohomo-
logically) inequivalent twist liquids.
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The Z3 charges are labeled by 1n for n = 0, 1, 2 modulo
3, where 1 = 10 is the vacuum and 12 = 11. Φn = Φ×1n
are the three composites between the semion and Z3
charges. The bosons ja, and twist fields σa, τa, are iden-
tified by the threefold symmetry and form super-sectors
j = j1+j2+j3, σ = σ1+σ2+σ3, and τ = τ1+τ2+τ3. They
cannot carry Z3 charge as threefold symmetry permutes
the individual components. These quasiparticle-charge
composites satisfy the fusion rules
1n × 1n′ = 1n+n′ , Φn × 1n′ = Φn+n′
j × 1n = j, σ × 1n = σ, τ × 1n = τ
Φn × Φn′ = 1n+n′ + j, j × j = 10 + 11 + 12 + 2j
j × Φn = Φ0 + Φ1 + Φ2 (7.21)
j × σ = σ + 2τ, j × τ = τ + 2σ
Φn × σ = Φn × τ = σ + τ
σ × σ = τ × τ =
∑
n
1n +
∑
n
Φn + j + 2σ + 2τ
σ × τ =
∑
n
Φn + 2j + 2σ + 2τ,
and their spin/statistics are inherited from the globally
symmetric parent state “SU(2)1/Dih2”.
The defect sectors Cθ = 〈θ, ω〉 and Cθ = 〈θ, ω〉 are
associated to the flux-charge composites θn = θ × 1n,
ωn = ω×1n and their conjugates θn = θ×1−n, ωn = ω×
1−n. The fusion rules between a flux and a quasiparticle-
charge composite can be inferred from the defect theory.
1n × θn′ = θn+n′ , 1n × ωn′ = ωn+n′
j × θn = θ0 + θ1 + θ2, j × ωn = ω0 + ω1 + ω2
Φn × θn′ = ωn+n′−1 + ωn+n′+1 (7.22)
Φn × ωn′ = θn+n′−1 + θn+n′+1
σ × θn = τ × θn = θ0 + θ1 + θ2 + ω0 + ω1 + ω2.
The fusion rules between a pair of fluxes are
θn × θn′ = ωn × ωn′ = 1n−n′ + j + σ + τ
θn × ωn′ = Φn−n′−1 + Φn−n′+1 + σ + τ (7.23)
θn × θn′ = ωn × ωn′ = ωm−n−n′ +
∑
k
θk
θn × ωn′ = θm−n−n′ +
∑
k
ωk.
We explicitly see that the exchange statistics of the
threefold fluxes θn and ωn, as well as the last two fu-
sion rules in (7.23), depend on m = 0, 1, 2, which labels
the three inequivalent twist liquids after gauging the Z3
symmetry of the “4-state Potts” phase. For instance, the
twist liquid for m = 1 matches the primary field content
of the T -orbifold of the su(2)1 CFT in (1+1)D
79,80, while
the other two choices do not.
Additionally, the braiding S-matrix can be derived
from the fusion and spin/statistics data using (3.9). Up
to a normalization factor of D−1, the unitary S-matrix
is
1l Φl j σ τ ωl ωl θl θl
1k 1 2 3 6 6 4w
k 4w−k 4wk 4w−k
Φk 2 −4 6 0 0 −4wk −4w−k 4wk 4w−k
j 3 6 9 −6 −6 0 0 0 0
σ 6 0 −6 6√2 −6√2 0 0 0 0
τ 6 0 −6 −6√2 6√2 0 0 0 0
ωk 4w
l −4wl 0 0 0 4e 2piim9 wk+l 4e− 2piim9 w−k−l 4e 2piim9 wk+l 4e− 2piim9 w−k−l
ωk 4w
−l −4w−l 0 0 0 4e− 2piim9 w−k−l 4e 2piim9 wk+l 4e− 2piim9 w−k−l 4e 2piim9 wk+l
θk 4w
l 4wl 0 0 0 4e
2piim
9 wk+l 4e−
2piim
9 w−k−l −4e 2piim9 wk+l −4e− 2piim9 w−k−l
θk 4w
−l 4w−l 0 0 0 4e−
2piim
9 w−k−l 4e
2piim
9 wk+l −4e− 2piim9 w−k−l −4e 2piim9 wk+l
(7.24)
where w = e2pii/3, k, l = 0, 1, 2 labels the Z3-charge com-
ponents, and m = 0, 1, 2 labels the three inequivalent
twist liquid theories. The total quantum dimension is
D = 12√2, which differs from the dimension, D0 = 4
√
2,
of the parent state by the group order |Z3| = 3.
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D. Gauging the full S3 symmetry
Gauging the full S3 symmetry of the “4-state Potts”
phase leads to the twist liquid state “SU(2)1/O”. This
can be done by gauging the Z2 conjugation symmetry of
the “SU(2)1/T” twist liquid state presented previously
(see Table XII). The conjugation symmetry interchanges
11 ↔ 12, Φ1 ↔ Φ2, θn ↔ θn, and ωn ↔ ωn. There are,
in total, six inequivalent gauging possibilities labeled by
m = 0, 1, 2 and t = 0, 1. They are related to each other
by the addition of S3-SPT’s which are classified cohomo-
logically by H3(S3, U(1)) = Z6 = Z3×Z2. Again, we will
not present the detailed Drinfeld derivations, but instead
only highlight the resulting anyon content after gauging.
The exchange statistics and quantum dimensions of the
28 quasiparticles of the S3-twist liquid are summarized
in Table XIII.
Anyons χ Dimensions dχ Spins θχ
1 = 10 1 1
z 1 1
11 + 12 2 1
Φ0, zΦ0 2 e
2pii 1
4
Φ1 + Φ2 4 e
2pii 1
4
j, zj 3 1
σ, zσ 6 e2pii
1
16
τ , zτ 6 e2pii
9
16
Ωn = ωn + ωn 8 e
2pii(m9 +
n
3 )
Θn = θn + θn 8 e
2pii( 14+
m
9
+n
3 )
αs = αs1 + α
s
2 + α
s
3 6 e
2pii
[
1
64
+
s(2s−1)
8
+ t
4
]
αs+4 = zαs 6 e
2pii
[
33
64
+
s(2s−1)
8
+ t
4
]
µ = µ1 + µ2 + µ3 12 e
2pii( 116+
t
4 )
zµ 12 e2pii(
9
16
+ t
4 )
TABLE XIII. The exchange statistics θχ = e
2piihχ and quan-
tum dimensions dχ of quasiparticles in the S3-twist liquid
“SU(2)1/O”. n = 0, 1, 2 labels the Z3-charge component of
θ, ω, and s = 0, 1, 2, 3 labels the the Dih2-charge component
of α. m = 0, 1, 2 and t = 0, 1 are fixed and correspond to the
six (cohomologically) inequivalent twist liquids.
The pure S3-charges 1, z, and 11 + 12 are associated
to the three irreducible representations of the symmetry
group S3 = {1, θ, θ−1, α1, α2, α3}. Each of the threefold
fluxes Ωn = ωn + ωn, and Θn = θn + θn is now a combi-
nation of the two components corresponding to the two
elements in the conjugacy class [θ] = {θ, θ−1}. The two-
component super-sectors 11 + 12, Φ1 + Φ2, Ωn, and Θn
cannot carry a twofold charge as each of their compo-
nents is not fixed by the conjugation symmetry. The fu-
sion rules from the previous Z3 twist liquid “SU(2)1/T”
imply
(11 + 12)× (11 + 12) = 1 + z + (11 + 12)
Φ0 × (11 + 12) = Φ1 + Φ2
(Φ1 + Φ2)× (11 + 12) = Φ0 + zΦ0 + (Φ1 + Φ2)
j × (11 + 12) = j + zj
σ × (11 + 12) = σ + zσ, τ × (11 + 12) = τ + zτ
Ωn × (11 + 12) = Ωn−1 + Ωn+1
Θn × (11 + 12) = Θn−1 + Θn+1
Φ0 × Φ0 = 1 + j, j × Φ0 = zΦ0 + (Φ1 + Φ2)
σ × Φ0 = τ × Φ0 = σ + τ
Ωn × Φ0 = Θn−1 + Θn+1, Θn × Φ0 = Θn−1 + Ωn+1
j × j = 1 + (11 + 12) + j + zj
σ × j = σ + τ + zτ, τ × j = τ + σ + zσ
Ωn × j =
∑
n′
Ωn′ , Θn × j =
∑
n′
Θn′
σ × σ = τ × τ = 1 + (11 + 12) + Φ0 + (Φ1 + Φ2)
+σ + zσ + τ + zτ
σ × τ = Φ0 + (Φ0 + Φ1) + j + zj + σ + zσ + τ + zτ
σ ×Θn = τ ×Θn =
∑
n′
Ωn′ + Θn′ .
The fusion rules between a pair of threefold fluxes become
Θn ×Θn = (1 + z)× (1 + j + σ + τ)
+ Ωm−2n +
∑
k
Θk
Θn ×Θn±1 = (11 + 12) + (1 + z)× (j + σ + τ)
+ Ωm−2n∓1 +
∑
k
Θk
Θn × Ωn = 2(Φ1 + Φ2) + (1 + z)× (σ + τ)
+ Θm−2n +
∑
k
Ωk
Θn × Ωn±1 = (Φ1 + Φ2) + (1 + z)× (Φ0 + σ + τ)
+ Θm−2n∓1 +
∑
k
Ωk.
Twofold fluxes αs = αs1+α
s
2+α
s
3, and µ = µ1+µ2+µ3,
contain three components as there are three elements in
the conjugacy class [αa] = {α1, α2, α3}. It is convenient
to include the Z2-charge into the species labels of α so
that
αs+4 = z × αs (7.25)
where s now runs from 0 to 7 modulo 8. From the defect
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fusion rules C0 × Cαa → Cαa ,
αs × (11 + 12) = αs + zαs, µ× (11 + 12) = µ+ zµ
Φ0 × αs = αs−1 + αs+1, Φ0 × µ = µ+ zµ
j × αs = αs + αs−2 + αs+2, j × µ = µ+ 2zµ
σ × αs = α−s + α−s+1 + µ+ zµ
σ × µ =
7∑
s=0
αs + µ+ zµ.
The fusion rules between threefold and twofold defects
Cθ × Cαa → Cαa−1 give
Θn × αs =
3∑
u=0
αs+2u + µ+ zµ
Ωn × αs =
3∑
u=0
αs+2u+1 + µ+ zµ
µ×Θn = µ× Ωn =
7∑
s=0
αs + 2µ+ 2zµ.
Finally, the fusion rules of a pair of twofold fluxes can
also be deduced from the defect theory shown in Ap-
pendix D:
αs1 × αs2 =
(
1+(11+12)+j Φ0+(Φ1+Φ2) j+zj zΦ0+(Φ1+Φ2)
Φ0+(Φ1+Φ2) 1+(11+12)+j Φ0+(Φ1+Φ2) j+zj
j+zj Φ0+(Φ1+Φ2) 1+(11+12)+j Φ0+(Φ1+Φ2)
zΦ0+(Φ1+Φ2) j+zj Φ0+(Φ1+Φ2) 1+(11+12)+j
)
+
(
σ σ τ zτ
σ τ zτ zσ
τ zτ zσ zσ
zτ zσ zσ zτ
)
+
2∑
k=0
(
Θk Ωk Θk Ωk
Ωk Θk Ωk Θk
Θk Ωk Θk Ωk
Ωk Θk Ωk Θk
)
αs × µ = σ + zσ + τ + zτ +
2∑
k=0
Θk +
2∑
k=0
Ωk
µ× µ = 1 + (11 + 12) + j + 2zj + Φ0 + zΦ0 + 2(Φ1 + Φ2) + (1 + z)× (σ + τ) + 2
2∑
k=0
Θk + 2
2∑
k=0
Ωk
where the rows and columns in the first equation are
arranged in the order of s1, s2 = 0, 1, 2, 3.
Again we notice that the exchange statistics of
Ωn,Θn, α
s,µ depend on the cohomology labels (m, t) ∈
Z3×Z2 = H3(S3, U(1)) that are associated to the six in-
equivalent S3-twist liquids of the “4-Potts” phase. For in-
stance, the phase with (m, t) = (1, 0) corresponds to the
O-orbifold of the su(2)1 CFT in (1+1)D.
80 The braiding
S-matrix can be evaluated from the exchange statistics
and fusion rules by (3.9). Up to a normalization factor
of D−1, the unitary S-matrix is
1± ~1 Φ±0 ~Φ j
± σ± τ± Ωl Θl αs2 µς2
1± 1 2 2 4 3 6 6 8 8 ±6 ±12
~1 2 4 4 8 6 12 12 −8 −8 0 0
Φ±0 2 4 −4 −8 6 0 0 −8 8 ±6
√
2(−1)s2 0
~Φ 4 8 −8 −16 12 0 0 8 −8 0 0
j± 3 6 6 12 9 −6 −6 0 0 ±6 ∓12
σ± 6 12 0 0 −6 6√2 −6√2 0 0 ±χ(s2) 0
τ± 6 12 0 0 −6 −6√2 6√2 0 0 ±ψ(s2) 0
Ωk 8 −8 −8 8 0 0 0 cm(k + l) cm(k + l) 0 0
Θk 8 −8 8 −8 0 0 0 cm(k + l) −cm(k + l) 0 0
αs1 ±6 0 ±6√2(−1)s1 0 ±6 ±χ(s1) ±ψ(s1) 0 0 ct(s1, s2) 0
µς1 ±12 0 0 0 ∓12 0 0 0 0 0 12√2(−1)t+ς1+ς2
(7.26)
Here, to cut down on the size of the matrix we have had to be creative with the anyon labeling scheme. First,
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we have anyons labeled by x+ = x and x− = zx (for
x = 1,Φ0, j, σ, τ) which differ by the fusion with the Z2
charge z. Next, µς = µ, zµ for ς = 0, 1 respectively; and
~1 = 11 + 12, ~Φ = Φ1 + Φ2 are the two supsersectors. The
integers k, l = 0, 1, 2 label the Z3-charge components of
Ω and Θ, while s1, s2 = 0, 1, . . . , 7 label the eight α’s.
The entries χ, ψ, cm, ct are abbreviations for
χ(s) = 12 cos
(pi
8
− spi
2
)
, ψ(s) = 12 sin
(pi
8
− spi
2
)
cm(n) = 16 cos
[
2pi
(
2m
9
+
n
3
)]
ct(s1, s2) = 12(−1)t cos
[
pi(4s1 − 1)(4s2 − 1)
16
]
.
These odd factors arise from Wilson loop calculations.
For example, the factors χ(s)/dα and ψ(s)/dα are the
eigenvalues of the σ- and τ -loops around the α-defects in
Eq. (D27). To summarize, the total quantum dimension
of the S3-twist liquid is D = 24
√
2, which |S3| = 6 times
bigger than the dimension D0 = 4
√
2 of the parent state.
This is what we expect if we naively apply our arguments
based on Abelian parent theories. It is interesting to see
that it holds just as well in this more complicated case.
E. Comments on the bilayer toric code
We end this section on some observations about the
bilayer toric code
D(Z2 × Z2) = (Toric code)↑ ⊗ (Toric code)↓
= SO(8)R1 ⊗ SO(8)L1 , (7.27)
which is identical to a Z2 × Z2 gauge theory in (2 +
1)D. We label the two layers by s =↑, ↓, and each layer
contains the anyon content {1, es,ms, ψs}. Interestingly,
as indicated in the equation above, this model can also
be identified as two SO(8)1-states labeled by R and L
that indicating opposite chiralities. For example, the six
fermions in the system decompose into two groups
ψR1 = ψ↑, ψ
R
2 = e↑ψ↓, ψ
R
3 = m↑ψ↓
ψL1 = ψ↓, ψ
L
2 = e↓ψ↑, ψ
R
3 = m↓ψ↑.
(7.28)
Just like the SO(8)1-state and the “4-Potts” state consid-
ered before, the bilayer toric code contains an S3 anyonic
symmetry generated by the layer flip operation
σ : (e↑,m↑)↔ (e↓,m↓), ψRa ↔ ψLa , (7.29)
and the threefold rotation
ρ : (ψRa , ψ
L
a )→ (ψRa+1, ψLa−1). (7.30)
We also note that, in some exactly-solvable spin models
on a honeycomb lattice, this S3 symmetry can be realized
as point group operations25,29,62.
It was proposed in Ref. [36] that gauging the Z2 bilayer
symmetry of this system would lead to a twist liquid
which matches the D4 (dihedral group) discrete gauge
theory. This is natural because the σ symmetry flips the
fluxes m↑ ↔ m↓ in the parent state, and the group gen-
erated by σ,m↑,m↓ is exactly the semi-direct product
D4 = (Z2×Z2)oZ2. One can verify the anyon structure
after gauging the anyonic symmetry via the Drinfeld con-
struction. Indeed, the result matches that of a D4 gauge
theory, but only when the Frobenius-Schur indicator is
κσ = +1. On the other hand, the resulting twist liquid
will correspond to the Q8 gauge theory (group of quater-
nions) when κσ = −1. These two twist liquids differ by
a Z2-SPT as described in Section III A and III E, and
can alternatively be understood by a Z32 Chern-Simons
theory.40
Similar to the chiral “4-Potts” phase, the bilayer
toric code belongs to a series of related twist liquids
(c.f. Eq. (7.11))
D(Z2 × Z2)
D(A4)
D(S4)
Z3 Z2
Z2
S3 = Z2 ⋉ Z3
D(D4)
(7.31)
associated to the solvable tower of symmetry groups (see
Eqs. (7.12) and (7.13)):
1 ⊂
Z22- Z2 × Z2 ⊂Z3 - A4 ⊂ Z2 - S4. (7.32)
Here S4 is identical to the cubic point group in SO(3) and
contains A4, the tetrahedral point group. The Z2 × Z2
group represents twofold rotations about x, y, z. Each
arrow
D(H)
G/H−−−→ D(G) (7.33)
describes the gauging transition from the discrete gauge
theory D(H) with global (G/H)-anyonic symmetry to
the twist liquid D(G), which happens to also be a dis-
crete gauge theory with gauge group G. For example,
A4/(Z2 × Z2) = Z3, S4/A4 = Z2 and S4/(Z2 × Z2) = S3
show the connections between different global anyonic
symmetries.
VIII. SUMMARY AND CONCLUSION
For any article of this length it is difficult to summa-
rize all of the important conclusions and results without
sounding like a list. Instead we will try to recapitulate
the main themes of our work in a slightly less formal
tone, and touch upon the main technical results where
appropriate. We start with the idea of anyonic symme-
tries. The importance of anyonic symmetries, and their
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key role in many newly understood physical phenomena,
e.g. the theory of twist defects, inspired our work. In
fact, at its core, this article resulted from trying to an-
swer a single question, “what topological phase emerges
when an anyonic symmetry is gauged?”
Given a phase of matter with a discrete set of anyons,
there are often subsets of anyons which have the same
topological properties, e.g. identical spin and braiding
relations. Anyonic symmetry operations,20–27 are es-
sentially just rearrangements of the anyons within each
subset. Physical manifestations of these anyonic sym-
metries come in the form of twist defects.20–37 Given a
topological phase, there is a corresponding set of twist
defects, which are semi-classical point objects attached
to a branch cut. A twist defect comes with two labels,
the first is an anyonic symmetry operation. When an
anyon passes through the branch cut of a twist defect
it is acted upon by the corresponding symmetry opera-
tion, and can be converted (or not) to a different anyon.
The second label on a twist defect is its “species.” This
label encodes which anyon has been attached to the de-
fect. However, fusing the defect with different anyons
does not always give rise to a different species. Instead,
since certain anyons cannot be distinguished due to the
non-trivial symmetry action of the defect, the species la-
bels only run over a reduced set of anyon equivalence
classes. In some cases the defect species is modified from
fusion with an anyon, and colorfully, the defect is said to
have “mutated” its species.
The theory of twist defects has a fusion structure as
well.21,25,27,37 In systems with a global anyonic symmetry
there are fusion rules for fusing the twist defects with the
initial set of anyons. These could be called “mutation”
rules, as they can change the species of the defect. In
addition to this, there are rules that are specified for the
fusion of two defects. Twist defect fusion is an involved
process, but we can break it down into pieces. First let us
recall that the branch cuts associated to each defect fuse
together to create a composite branch cut. This is math-
ematically represented by saying that M̂N̂ → M̂N under
fusion, where M̂, N̂ are in a quantum representation of
the anyonic symmetry group. Unfortunately, there is al-
ready a complication at this stage because the outcome
M̂N is ambiguous, and could differ by a projective phase,
i.e. the symmetry operators could be in a projective rep-
resentation. Hence, there are multiple possibilities for
the defect-defect fusion structure, and the physically dis-
tinct possibilities are classified by the group cohomology
H2(G,B×) where B× is the set of Abelian anyons in the
parent state. If a non-trivial choice in H2(G,B×) is used,
then the anyonic symmetry becomes “non-symmorphic”
as discussed in Section III A 1. For Abelian parent states,
these projective phases can be simply interpreted: they
are an additional phase arising from an extra Abelian
anyon that results from the branch-cut fusion. Hence,
even if the branch cuts are from inverse symmetry op-
erations, there can be a non-trivial Abelian anyon left
over. Now remember that, attached to each twist defect,
there is a species label which represents an equivalence
class of anyons. Once all of the allowed possibilities for
how the equivalence classes are fused are accounted for,
one then fuses the result with the projective anyon at the
branch-cut intersection. And the final result Eq. 3.53 is
obtained. Note that we did not discuss the projective
ambiguity at length for our major examples, because al-
most all of the anyonic symmetry groups we considered
have H2(G,B×) = 0.
The final data that can be derived purely from the
anyon content of the parent state and the set of semi-
classical twist defects, are the basis transformation F -
symbols for the defects. Once these have been tabulated,
the construction of the defect fusion category is complete,
since we recall that there are no well-defined braiding op-
erations for the semiclassical twist defects. Interestingly,
given a fixed parent theory, there are also different physi-
cal choices for the F -symbols that can be derived. These
choices are captured by the ambiguity in the Frobenius-
Schur indicator, and they have a nice physical interpre-
tation. The physical interpretation follows. First, the
allowed set of F -symbols are classified by the group coho-
mology H3(G,U(1)). Perhaps seeming coincidental, this
is the same classification for symmetry protected topo-
logical phases with global (non-anyonic) symmetry group
G.4–10 These SPTs do not have an underlying topolog-
ical order, and they can be stacked together with the
parent state to produce a new state with the same sym-
metries, and the same set of anyons and twist defects.
However, one notable change is that the F -symbols can
be modified by a phase by this procedure if a non-trivial
SPT is added. Hence, the classifications are equivalent.
Now, when there is a twist defect it also passes through
the extra SPT layer, which generates the extra phase in
the F -symbols. As we recall, each physically different
choice for the F -symbols gives rise to a different twist
liquid state after the anyonic symmetry is gauged, just
like gauging the different global G-symmetric SPT states
will give rise to different topological orders.
From this initial structure, we proceed by making an
analogy between the set of twist defects in some par-
ent topological phase, and the topological (flux) defects
that can appear when a system maintains a conventional
global symmetry. For example, a global U(1) symmetry
has magnetic flux defects, a global translation symme-
try has dislocation defects, and a global rotation sym-
metry has disclination defects. All of these cases repre-
sent semi-classical (confined) defects. If a particle carries
charge under these global symmetries, then its state will
obtain a holonomic phase factor when it encircles a de-
fect, e.g. the conventional Aharonov-Bohm effect for a
global U(1) symmetry. When the global symmetry is
gauged, the flux defects become excitations of the result-
ing discrete gauge theory. The difference between this,
and our case of interest, is that the globally-symmetric
state has some initial topological order with non-trivial
anyon content, and the global (anyonic) symmetry acts
non-trivially on the set of anyons.
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To calculate the anyon content after gauging the any-
onic symmetry, we proceed analogously to the gauging of
a discrete non-anyonic global symmetry. For a discrete
gauge theory,38–44 the anyon content consists of the vac-
uum, pure fluxes, pure charges, and dyons (composites
of flux and charge). We can generically denote these
anyons with a pair ([M ], ρ) where [M ] represents the
flux, and ρ represents the charge. For a twist liquid we
can again have the vacuum, pure fluxes, pure charges,
and dyons, but there are additional anyons that come
from the anyon content of the parent state. There are
now pure quasiparticles, flux-quasiparticle composites,
charge-quasiparticle composites, and flux-quasiparticle-
charge composites (trions?). However, because the any-
onic symmetry acts non-trivially on the parent anyons,
the resulting theory is not just the product of the ini-
tial anyon content and a discrete G gauge theory. When
the anyonic symmetry acts non-trivially on an anyon it
is no longer a well-defined object in the twist liquid. In-
stead we must consider the set of orbits, or super-sectors,
of the action of G on the set of anyons in the parent
state. Each orbit is just a closed set of anyons that
transform into each other under the symmetry. Ulti-
mately, the anyons in the twist liquid are represented
by the triplet ([M ],λ, ρ), where [M ] and ρ still represent
the flux and charge, while λ represents the quasiparti-
cle super-sector/orbit. We showed in Section III C that,
given a choice for [M ], the allowed values for λ and ρ are
constrained, and given by a particular algorithm.
Given a generic Abelian parent state, we proved two
important general properties of the resulting twist liquid.
The first is that, given that the total quantum dimension
of the parent state is D0, the resulting total quantum
dimension of the resulting twist liquid is D0|G| for an
anyonic symmetry group G (c.f. Eq. 3.92). This is anal-
ogous to the total quantum dimension of a discrete gauge
theory, which increases to |G| from its initial value of 1,
when gauging a global symmetry G. The second property
is that the central charge of the twist liquid remains iden-
tical (possibly mod 8) to that of the parent state (see Eq.
3.98). One can heuristically understand this through the
bulk-boundary correspondence since, as far as the edge is
concerned, the edge theory is orbifolded by the anyonic
symmetry gauging, which is a process that preserves the
central charge. As an aside we note that the orbifold
construction picks the edge of a particular twist liquid,
and does not seem to capture the cohomological possibil-
ities mentioned above. Similarly, the unchanged central
charge mirrors that of a discrete gauge theory where the
central charge of the initial state is 0, and that of the
gauged state is also 0. While we only explicitly proved
these results for Abelian parent states, we showed in Sec-
tion VII that they also hold for an explicit non-Abelian
parent state, the “4-Potts” state. One should see Ref. 27,
for a more general discussion of non-Abelian systems.
In addition to these general conclusions, we illustrated
an explicit lattice model construction using the Levin-
Wen string-net construction. This model is general
enough to capture the conventional construction of a dis-
crete gauge theory, as well as the twist liquid construction
from the input of a defect fusion category. Also, while
the string-net model generally results in a time-reversal
invariant topological phase, we showed that one can sys-
tematically remove an inert part of the theory (via the
relative Drinfeld construction) to reveal a chiral twist liq-
uid of a chiral parent state.
All of these results are utilized in our lengthy exam-
ples section to illustrate some remarkable relationships
between different topological phases related by gauging
anyonic symmetries, and subsequently by the inverse pro-
cess of anyon condensation. It is likely there are many
more beautiful connections to be uncovered in future
work, especially for non-Abelian parent theories.
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Appendix A: Quick Review of Topological Field
Theory
The anyon structure of a topological phase in (2 + 1)D
is given by the fusion and braiding properties of its quasi-
particles. An anyon (also known as a quasiparticle type
or topological charge) is a class of gapped point-like exci-
tations that have non-trivial statistical and braiding be-
havior. The set of anyons {1,a,b, . . .} form a collection
of simple objects that generate a modular tensor cate-
gory20,60,84–87,124 B. A pair of objects in B can fuse, de-
noted by ×, or form a super-sector, denoted by +. There
is a closed fusion algebraic structure
a× b =
∑
c
Ncabc (A1)
where Ncab is a non-negative integer that counts the fu-
sion degeneracy – the number of inequivalent ways for
a and b to fuse into c. Equivalently, Ncab also counts
the splitting degeneracy – the number of ways for c
to split into a and b. Eq. (A1) is associative so that
a×(b×c) = (a×b)×c, i.e.∑dNeadNdbc = ∑dNdabNedb;
and is commutative so that a×b = b×a, i.e. Ncab = Ncba.
There is a unit object, referred to as the vacuum 1, such
that 1× a = a for any anyon a. Moreover every anyon a
must have a unique anti-particle a¯ so that N1aa = 1.
Let us fix a finite number of anyonic excitations
{λ1, λ2, . . .} in a topological phase on a closed sphere,
a quantum state can be specified by a splitting tree (or
fusion tree) with known internal branches and vertices
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(see Fig. 6 and Eq. (A3) below). A splitting tree is a di-
rected tree diagram, whose internal branches are labeled
by anyons xv, and vertices – which must be trivalent –
are labeled by splitting states µv, to be explained below.
The external branches are fixed by the known excitations
λi. Each vertex describes the splitting of an anyon. It
has one incoming branch z, and two outgoing branches
x, y such that Nzxy > 0, i.e. the fusion x × y → z is ad-
missible. The splitting degeneracy corresponds to a Nzxy-
dimensional space, whose orthonormal basis is labeled
by µv = 1, . . . N
z
xy. The set of admissible |{xl}; {µv}〉
forms an orthonormal basis of the degenerate Hilbert
space of quantum states with the fixed anyonic excita-
tions {λ1, λ2, . . .}.
Essentially, a splitting tree corresponds to a particular
maximal set of mutually commuting statistical observ-
ables, i.e. Wilson loops; and the internal branch and ver-
tex labels correspond to simultaneous eigenvalues. For
example, the fusion channel x× y → z at a vertex deter-
mines the eigenvalue of the Wilson loop Wˆw encirling x
and y by the braiding between w and z. Alternatively, a
splitting tree describes a particular sequence of splittings
that ultimately results in the creation of the excitations
λi on the external branches. Starting from the ground
state |GS〉 with no excitations, anyons can be created by
open Wilson string operators. For example, in the toric
code (see Section II) the vacuum 1 can be split into a pair
of plaquette excitations, say m ×m, by a string of σx,z
operators Lˆmm1 connecting them. One of the plaquette
excitations can subsequently be divided into m→ e× ψ
by a string operator Lˆeψm that branches from m to e and
ψ. The quantum state with excitations e, ψ,m can then
be created by Lˆeψm Lˆ
mm
1 |GS〉. Notice that there are mul-
tiple ways an m-string can branch into e and ψ. For
instance, the e and ψ strings can braid and give a mi-
nus sign. The particular splitting operator Lˆeψm specifies
the phase of the quantum state. On the other hand, the
string operators can be deformed by plaquette operators
and still act identically on the ground state. These form
equivalence classes of splitting string operators, such as
[Lˆeψm ], with fixed open ends.
In more exotic cases, splitting can be degenerate and
different branching operators can give orthogonal states.
For example the SU(3)3-state discussed in Section VI C
supports an anyon associated to the eight dimensional
adjoint representation which obeys the degenerate fusion
rule 8 × 8 = 1 + 10 + 10 + 8 + 8, such that N88,8 =
2. There are two linearly independent local operators
that split 8 into 8 × 8. In general, the splitting z →
x × y at a vertex with degeneracy Nzxy is associated to
a splitting space V xyz . It contains equivalence classes of
local operators [(Lˆxyz )µ] – referred to as splitting states
– that connect an incoming z to the outgoing x and y.
The collection of linearly independent splitting operators
{(Lˆxyz )µ : µ = 1, . . . , Nzxy} spans the splitting space V xyz ,
which forms an irreducible representation of the algebra
of Wilson operators around x and y:
Wˆ(Lˆxyz )µWˆ−1 =
∑
ν
Wνµ(Lˆxyz )ν . (A2)
A quantum state with known excitations is in general
constructed by piecing the splitting string operators to-
gether with matching boundary conditions:∣∣∣∣∣x1 x2 x4x3 x5 . . .µ1 µ2
〉
∝
∑
boundary
conditions
[
(Lx1x2x3 )µ1
]⊗ [(Lx3x4x5 )µ2]⊗ . . . |GS〉. (A3)
In an Abelian theory, where fusion is single-channel
(Ncab = 0 or 1), the quantum state (A3) is completely
determined (up to a U(1)-phase) by its external branch
labels, as all internal branch labels are fixed by the fusion
rules. This means that the quantum state is completely
determined by the anyon types of the excitations. This
is not true for non-Abelian theories where fusion rules
can be multi-channeled. For example, a pair of Ising
anyons can fuse into an even or odd fermion parity chan-
nel, σ × σ = 1 + ψ;75 Fibonacci anyons obey the fusion
rule τ × τ = 1 + τ .76 These non-Abelian anyons give
rise to degeneracies of quantum states since the internal
branches and vertices of (A3) can carry different labels.
The quantum dimension dx of an anyon x is defined
to be the positive number that counts the quantum state
degeneracy, which is proportional to dNx , of a closed sys-
tem with N type x quasiparticle excitations in the ther-
modynamic limit when N → ∞. Using the Perron-
Frobenius theorem,20 the quantum dimension dx is given
by the largest (absolute) eigenvalue of the fusion matrix
Nx =
(
Nzxy
)
. For example, an anyon is Abelian if and
only if it has unit quantum dimension. The quantum
dimension of an Ising anyon is dσ =
√
2, and that of
a Fibonacci anyon is dτ = (1 +
√
5)/2. In general, the
fusion rules (A1) require
dxdy =
∑
z
Nzxydz. (A4)
The total quantum dimension of the anyon theory is de-
fined by D = √∑x d2x.
Fusion associativity a × (b × c) = (a × b) × c in the
quantum state level is realized as basis transformations
between different splitting trees (see Fig. 6). Primitive
basis transformations are known as F -symbols. They
relate∣∣∣∣∣∣
λ4
λ3 λ2 λ1
x
〉
=
∑
y
[
Fλ3λ2λ1λ4
]y
x
∣∣∣∣∣∣
λ4
λ3 λ2 λ1
y
〉
. (A5)
where F -matrix entries are given by the inner product
[
Fλ3λ2λ1λ4
]y
x
=
〈
λ4
λ3 λ2 λ1
y
∣∣∣∣∣∣
λ4
λ3 λ2 λ1
x
〉
. (A6)
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Here the symbols µj for vertex degeneracies are sup-
pressed. There are consistency relations, referred to as
the pentagon equations, that the F -symbols have to obey
(see Fig. 7).20 They are required to ensure that any se-
quence of F -moves that connects two fixed initial and
final splitting trees will give the identical overall basis
transformation.122
There are particle-antiparticle duality relationships in
a fusion theory. For instance x and x¯ must have iden-
tical quantum dimensions. At the quantum state level,
reversing the worldline of an anyon x and replacing it by
its conjugate x¯ may result in an overall phase. This is
determined by the bending diagram (4.20), or precisely
the Frobenius-Schur (FS) indicator20,94
κx =
[F xxxx ]
1
1
|[F xxxx ]11|
∈ U(1). (A7)
As a simple example, we consider four Ising anyons on
a closed sphere, each is associated to a Majorana zero
mode γj , for j = 1, 2, 3, 4. The twofold ground state de-
generacy can be labeled by the fermion parity of a pair
of Ising anyons, say (−1)F12 = iγ1γ2. The total par-
ity in a closed system is fixed, and is taken to be even
(−1)F12+F34 = (−1)F14+F23 = −γ1γ2γ3γ4 = +1. One can
also pick another fermion parity, say (−1)F23 = iγ2γ3, to
label the states. As (−1)F12 and (−1)F23 anticommute,
they do not share simultaneous eigenvalues, and the even
and odd parity states with respect to these two operators
are related by the non-diagonal transformation:∣∣∣∣σ σ σ σx
〉
=
∑
y=1,ψ
[Fσσσσ ]
y
x
∣∣∣∣ yσ σ σ σ〉 (A8)
where the F -matrix is
Fσσσσ =
1√
2
(
1 1
1 −1
)
(A9)
with its rows and columns arranged according to x, y =
1, ψ which label the parities (−1)F12 and (−1)F23 respec-
tively.
A fusion category is a theory that encodes associa-
tive fusion rules (A1) and a consistent collection of basis
transformations (A5). In addition to this structure, an
anyon theory also contains information about exchange
and braiding. Fusion commutativity x×y = y×x at the
quantum state level translates to another kind of basis
transformation. They are generated by the R-symbols
xy
z
= Rxyz
xy
z
(A10)
xy
=
∑
z
√
dz
dxdy
Rxyz
xy
yx
z (A11)
when the splitting z → x× y is admissible. When split-
ting is degenerate, vertices in (A10) and (A11) should
be labeled, and Rxyz would be a (N
z
xy) × (Nzxy) unitary
matrix.
These exchange R-symbols follow the consistency re-
lations called the hexagon identity20 (see Eq. (2.13) and
Fig. 3). Essentially they guarantee fusion and exchange
are compatible by requiring that the successive exchanges
between x, y and between x, z are overall equivalent to
the exchange between x and w = y×z. An anyon theory
is therefore a braided fusion category that is equipped
with a consistent exchange structure.
The spin statistics theorem equates the pi-exchange
phase
θx =
1
dx
∑
y
dyTr
(
Rxxy
)
(A12)
with the 2pi twist θx = e
2piihx = κx(Rxx1 )∗, where hx is
referred to as the spin. Particle x has identical spin to its
conjugate x¯. Exhange phases are related to 2pi braiding
phases by the ribbon identity
Rxyz R
yx
z =
θz
θxθy
1 (A13)
(see also Eq. (3.8)) where 1 is the (Nzxy)× (Nzxy) identity
matrix. The braiding between anyons can be summarized
by the average
Sxy =
1
D
∑
z
dzTr (R
xy
z R
yx
z ) =
1
D
∑
z
dzN
z
xy
θz
θxθy
(A14)
which are the matrix elements of the modular S-matrix.
The 2pi twists give the modular T -matrix Txy = θxδxy.
They projectively represent the modular group SL(2;Z),
i.e. the group of automorphisms of the torus, and obey
the group relation
(ST )3 = e2pii
c−
8 S2 (A15)
where C = S2 is the conjugation matrix that relates x↔
x¯, squares to identity, and commutes with both S and T .
The projective phase is associated to the chiral central
charge c− = cR − cL (mod 8) of the CFT along the (1 +
1)D boundary of the topological phase. Eq. (A15) is
equivalent to the Gauss-Milgram formula (3.93).
Appendix B: Defect Fusion Category of the Toric
Code
Here we explain the fusion rules and the basis trans-
formation (F -symbols) in the defect theory of the toric
code. They were used in Section II, and were previously
evaluated in Refs. 25 and 37. A quick derivation will be
provided in this Appendix. We first begin with the fusion
rules between a pair of twofold defects:
σ0 × σ0 = σ1 × σ1 = 1 + ψ, σ0 × σ1 = e+m. (B1)
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For example the first equation in (B1) states that two de-
fects with identical species can fuse into either the vac-
uum 1 or fermion ψ channel. This matches that of a
pair of Ising anyons. The different fusion channels on
the right side can be distinguished by Wilson operators
Wb. The Wilson loops represent quasiparticle strings
b = 1, e,m, ψ = (0, 0), (1, 0), (0, 1), (1, 1) that encircle
the defect pair, and their eigenvalues Wb = e2piibTK−1a
read-off the fusion channel a = 1, e,m, ψ in (B1), where
the K-matrix is given by K = 2σx in the Chern-Simons
description (2.1).
a
σ σ
a
σ σ
=
W W (B2)
The admissible fusion channels are, however, restricted
by the species of the defect pair. For instance, certain
Wilson loops can be generated by double loop operators
around defects, e.g.
+ ++ ++ + = =
e
m
e e
m
e
(B3)
where the double loop operator Θ around each defect (see
also Fig. 2) already has a fixed eigenvalue that depends on
the species label λ in σλ. By multiplying usual plaquette
stabilizers, the Θ operator can be deformed and shrunk,
into ±iPD, where PD is the plaquette operator at the
dislocation (see Fig. 1). The species label λ, or equiva-
lently the eigenvalue of Θ = ±iPD = (−1)λi, is therefore
fixed by Hamiltonian of the lattice model. Eq. (B3) then
restricts the fusion channels of a defect pair to (B1).
The idea of splitting states can be generalized to defect
theories. We demonstrate the splitting of a fermion into
a pair of bare defects, ψ → σ0 × σ0. ψ can be created
from the ground state by an open (semi-infinite) Wilson
string of σx,z operators that ends at ψ (see left side of
(B4) below). Splitting is the procedure of cutting out a
disc containing ψ, and then replacing the interior by a
new lattice with two dislocation defects σ.
+ +
σ0 σ0cut and
replace
ψ
em
ψ
ψ
. (B4)
The replacement must match the boundary condition
(along the dashed line) so that the quasiparticle string
continues into the domain. However, the string cannot
terminate, otherwise there would be another fermion in
the new domain, and splitting would be ψ → σ × σ × ψ
instead of ψ×σ×σ. This means the Wilson string must
wind non-trivially around the defects. One particular
possibility is presented in (B4). A splitting state [Lσ0,σ0ψ ]
is the equivalence class of such string configurations. For
example, the string could deform inside the region and
would correspond to the same splitting state. However,
the mirror image of (B4) is an inequivalent string pat-
tern, and differs from the original by an e-loop around the
defect pair. The e-loop cuts the ψ-string and gives an ad-
ditional minus sign from crossing. Fig. 16 picks the string
patterns of particular splitting states for σλ′ → a × σλ,
σλ′ → σλ × a and a→ σλ1 × σλ2 .
+ + + +
σλ2
σλ′
y2
y′
b
σλ1
y1
σλ′
y′
yy
b
a× σλ σλ × a σλ2 × σλ1
b
a a
a
σλ σλ
a× b
Mb Mb
a× b
a× b
(a) (b) (c)
FIG. 16. Quasiparticle string configurations for splitting
states Lx1x2x3 . Branch cuts (wavy lines) switch labels b →
Mb of passing quasiparticles according to the e-m symmetry
M : e ↔ m. b = 1 when a = 1, e, or b = e when a = m,ψ.
String y determines species of the defect where it ends. y = 1
for σ0 and y = e for σ1.
Now let us describe the basis transformations that de-
termine the set of F -symbols. Given a particular con-
figuration of defects and quasiparticles, an eigenstate
of a maximal set of commuting Wilson loop operators
can be specified by the intermediate channels of a fusion
tree. For example, the eigenvalues of the following three
Wilson loops encodes the same information as the three
Abelian anyons a1,a2,a3 in the fusion tree:
+ + + + + +
1
2
3
↔
∣∣∣∣∣
a1
σ σ σ σ σ σ
a2
a3
〉
(B5)
Each leg of a fusion tree is labeled by a quasiparticle
or defect. All vertices must be trivalent and admissible
according to the fusion rules. Each vertex associated to a
splitting state is diagrammatically represented by specific
quasiparticle string patterns as shown in Fig. 16. Piecing
together the local string patterns of each vertex gives the
global string structure. The strings must be attached
continuously by matching boundary conditions between
splitting states (c.f. (A3)). For example, by patching
the splitting state string patterns of ψ → σ0 × σ0 and
σ0 → ψ × σ0 from Fig. 16(a) and (c),∣∣∣∣∣∣
σ0 σ0 σ0
ψ
σ0
〉
=
++ + ++ +=
ψ
e
m
e
m
. (B6)
The vacuum splitting 1 → σ0 × σ0 is diagramatically
represented by a pair of defects joined together by a
branch cut with no quasiparticle strings. The original
vacuum requires all Wilson loops W around the pair to
condense to the ground state with a trivial phase, i.e.
act trivially on the ground state. In the case of three de-
fects, different configurations of branch cuts correspond
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to different ground states. For instance,∣∣∣∣∣∣
σ0 σ0 σ0
1
σ0
〉
=
++ +
=
(−1)s√
2
∑
a=1,m + ++a
=
(−1)s√
2
[
+ ++
]
+
(−1)s√
2

+ ++
ψ
e
m

=
(−1)s√
2
∣∣∣∣∣∣
σ0 σ0 σ0
1
σ0
〉
+
(−1)s√
2
∣∣∣∣∣∣
σ0 σ0 σ0
ψ
σ0
〉
(B7)
where the sum of the Wilson operators a = 1,m around
the first two defects forms a projection operator and
forces the vacuum fusion channel. For the toric code,
the sign is positive (s = 0). However when the lat-
tice model is modified by a Z2-SPT, the sign is flipped
(s = 1). This sign determines the Frobenius-Schur indi-
cator κσ = (−1)s (see Eq. (5.13)), which is classified by
H3(Z2, U(1)) = Z2 (see Sections III B 3 and III E).
Now combining (B6) and (B7), and keeping track of
the crossing phase of the Wilson loops, we have∣∣∣∣∣∣
σ0 σ0 σ0
ψ
σ0
〉
=
(−1)s√
2
∑
a=1,m + ++a m
=
(−1)s√
2
[
+ ++
]
− (−1)
s
√
2

+ ++
ψ
e
m

=
(−1)s√
2
∣∣∣∣∣∣
σ0 σ0 σ0
1
σ0
〉
− (−1)
s
√
2
∣∣∣∣∣∣
σ0 σ0 σ0
ψ
σ0
〉
.
(B8)
Eqs. (B7) and (B8) describe the basis transformations
between different fusion trees. They transform between
eigenstates of different sets of Wilson operators. In gen-
eral, basis transformations are generated by F -symbols
defined in (A5).
Following a similar procedure to that of Eqs. (B6),
(B7), and (B8), we can obtain a consistent set
of F -symbols with arbitrary admissible labels λi =
1, e,m, ψ, σ0, σ1 along the external legs. The fusion trees∣∣∣∣∣∣
λ4
λ3 λ2 λ1
x
〉
=
∑
boundary
condition
[
Lλ3λ2x
]⊗ [Lxλ1λ4 ] |GS〉
∣∣∣∣∣∣
λ4
λ3 λ2 λ1
y
〉
=
∑
boundary
condition
[
Lλ3yλ4
]
⊗ [Lλ2λ1y ] |GS〉 (B9)
can be diagrammatically represented by patching the
splitting states defined in Fig. 16 together with matching
boundary conditions. Their overlap can be derived by
keeping track of how quasiparticle strings are deformed
and intersect. The results for the F-symbols of the defect
fusion category based on the toric code anyonic symme-
try are summarized in Table I.
Appendix C: F -Symbols for the SO(8)1 Defect
Fusion Category
In this Appendix, we explain the defect F -symbols rel-
evant in gauging the threefold symmetry of SO(8)1 in
Section VI. To express the F -symbol basis transforma-
tions in a simple notation, it is convenient to represent
the Abelian quasiparticles by two dimensional Z2-valued
vectors a = (0, 0) = 1, (1, 0) = ψ1, (0, 1) = ψ2, and
(1, 1) = ψ3. In this notation, the threefold symmetry, for
example, is represented by the Z2-valued matrix
Λ3 =
(
0 −1
1 −1
)
≡
(
0 1
1 1
)
. (C1)
The exchange R-symbols (A10) between Abelian anyons
in SO(8)1 can be chosen to be
Rab = (−1)aTσxΛ23b, (C2)
so that the braiding phase, DSab = RabRba =
(−1)aTσxb, agrees with that from the conventional K-
matrix description (6.1).
The Z3-defect theory contains the quasiparticles
1, ψ1, ψ2, ψ3 of the parent state, and threefold defects
ρ, ρ. Fusion rules can be found in Section VI A. It is
worth noting that the SO(8)1-state can be embedded
as one of the chiral sectors of the bilayer toric code
D(Z2)⊗D(Z2) ≈ SO(8)L1 ⊗ SO(8)R1 , which can be real-
ized as a lattice model.25,62 In this model the twist defects
manifest as lattice disclinations and dislocations, and the
defect F -symbols were previously computed in Ref.[25].
Here we sketch the results in one of the chiral SO(8)1
sector.
First, the R-symbol in Eq. C2 is bilinear in a and
b, and therefore the F -symbols involving only Abelian
quasiparticles are trivial: F abca+b+c = 1. Next, the F -
symbols for threefold defects are determined by fixing the
splitting states. The splitting of ρ→ a×ρ and a→ ρ×ρ
are defined by the Wilson string structures
[
ρ
ρa
]
=
+a
Λ3a
Λ23a ,
[
ρ ρ
a
]
= +
a
ρ ρ
+
Λ23a
. (C3)
Here a quasiparticle string changes type a → Λ3a (or
a→ Λ−13 a) as it goes from left to right across a ρ-branch
cut represented by a green curvy line (resp. a ρ-branch
cut represented by a blue curvy line).
Let Wb be the b-Wilson loop around the defect pair
ρ × ρ. It commutes with the splitting state 1 → ρ × ρ
in (C3) because there are no Wilson strings intersecting
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Wb and the overall vacuum state has unit eigenvalue with
respect to Wb. On the ground state, this means∣∣∣∣ +ρ ρ+
b
〉
=
∣∣∣ +ρ ρ+ 〉 . (C4)
The two dimensional fusion degeneracy Nρρρ = 2 arises
from an irreducible representation of the non-commuting
algebra of Wilson operators
Âa
∣∣∣∣∣ρ
ρ
ρ
〉
=
++
ρρ
aΛ3a
Λ23a
. (C5)
By keeping track of the crossing phases of the Wilson
strings, we find that the operators obey the algebraic
relation
ÂaÂb = RabÂa+b (C6)
for Âa = 1. In particular, they satisfy the Clifford rela-
tion {Âψi , Âψj} = −2δij , and exhibit the group structure
of unit quaternions, Q8 = {±1,±Âψ1 ,±Âψ2 ,±Âψ3}. As
such, they can be represented by 2× 2 Pauli matrices
Aψ1 = iσx, Aψ2 = −iσy, Aψ3 = iσz. (C7)
In certain scenarios, it may be more appropriate to use
a basis |±〉 which is symmetric under the threefold sym-
metry so that 〈±|Âψj |±〉 = ±i/
√
3 and 〈+|Âψj |−〉 =√
2/3e2piji/3. In addition to this algebraic structure, the
splitting of ρ→ ρ× ρ has the same two-fold degeneracy.
We thus have additional Wilson operators Aa, which are
defined similarly to (C5), except the threefold symmetry
Λ3 should be replaced by its inverse Λ
−1
3 = Λ
2
3. The alge-
braic structure for Aa is identical to that of Aa in (C6).
Hence, we will not make the distinction between A and
A unless necessary.
The F -symbols for threefold defects in SO(8)1 are
listed in Table VI. They are evaluated by matching the
Wilson strings of the splitting states x × (y × z) and
(x× y)× z, as highlighted in Section III B, as well as the
previous Appendix. The F -transformations can be un-
derstood as a representation of the double cover of A4,
which is the group of even permutations of 4 elements, or
equivalently, the rotation group T of a tetrahedron. The
three Aψi represent pi-rotations about the x, y, or z axes
and
F ρρρ1 = exp
[
pi
3
(Aψ1 +Aψ2 +Aψ3√
3
)]
(C8)
for instance, represents a 2pi/3 rotation about the (111)-
axis.
We focus on the derivations of the F -symbols in ta-
ble VI that are relevant in solving the 9-eq.’s in Sec-
tion VI, namely F abρρ , F
aρb
ρ , F
ρab
ρ and F
ρρρ
a . Applying
the first splitting state in (C3), the successive splittings
ρ → a × ρ → a × (b × ρ) associate the Wilson string
structure ∣∣∣∣∣∣
a b ρ
ρ
ρ
〉
=

+b
Λ23a
a
 |GS〉 (C9)
where the Λ23a string can be deformed by the Wilson loop
condensate |GS〉 at the background to go underneath the
b string. The two set of strings can then be put on the
same level by a R-move
+b
Λ23a
a
 = Rb(Λ23a)

+ba

= Rb(Λ
2
3a)
[
+
ba
]
(C10)
where the last step is done by a series of F -moves, which
give only trivial phases F abcd = 1. The final product is
exactly the Wilson string structure of the splitting ρ →
(a × b) × ρ. Thus we arrive at the F -symbol F abρρ =
Rb(Λ
2
3a). F aρbρ = DS(Λ3a)b and F ρabρ = Ra(Λ3b) can be
derived in a similar manner.
Next we consider the splitting of a quasiparticle b into
the triplet ρ × ρ × ρ. Recall there is a 2-fold degenerate
vertex space assoiates to each splitting ρ → ρ × ρ. The
F -symbol F ρρρb is a 2 × 2 basis transformation between
the vertex space V 12 of the first pair of ρ’s and that of
the last pair V 23. There are three types of closed Wilson
loops
Â12a = ++ ρρ
a
+ρ , Â23a = ++ ρρ
a
+ρ ,
Ŵa = ++ ρρ
a
+ρ (C11)
whereWa has the fixed the eigenvalueDSab = (−1)aTσxb
because of the overall channel b. Applying (C2) and
F abcd = 1, the Wilson operators overlap and obey
Â12
Λ−13 a
Â23a = Â23a Â12Λ−13 a = −Wa = −(−1)
aTσxb (C12)
For example the trivial overall channel b = 0 requires the
identification A12a = A23Λ3a. This threefold cyclic rotation
of a→ Λ3a can be generated in the quantum state level
by noticing that
AΛ3a = F ρρρ1 AaF ρρρ1 † (C13)
where the (111)-rotation F ρρρ1 is represented by (C8).
F ρρρ1 therefore provides the basis transformation that
connects the vertex spaces V 12 and V 23. For general
overall channel b, F ρρρb = AbF ρρρ1 represents threefold
rotation about the (1¯11), (11¯1) or (111¯) axis because of
the the extra sign from Wa.
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Finally we elaborate on the F -symbol
[
F ρρρρ
]µµ
c
=
〈
ρ
ρ
ρρ
µ
µ
∣∣∣∣∣ ρ
ρ
ρρ
c
〉
(C14)
although it was not used in the 9-eq.’s considered in Sec-
tion VI. The successive splittings ρ→ ρ×ρ→ ρ× (ρ×ρ)
give the 2-fold degenerate splitting spaces V ρ¯ρ¯ and V ρρ
spanned by |µ〉 = |0¯〉, |1¯〉 and |µ〉 = |0〉, |1〉 respectively.
There are three closed Wilson operators
Aa = ++ ρρ +ρ
a
, Aa = + ρρ +ρ
a
,
Wa = ++ ρρ
a
+ρ (C15)
where Aa and Ab commute and satisfy
Wa = AΛ3aAΛ3a. (C16)
For instance, for vacuum intermediate splitting chan-
nel c = 0, we have trivial braiding Wa = DSac = 1.
Eq.(C16) becomes the identification Aa = −Aa and
restricts V ρ¯ρ¯ ⊗ V ρρ onto a ray generated by the sin-
glet (|1¯0〉 − |0¯1〉)/√2. The equivalence V ρ¯ρ¯ ⊗ V ρρ ∼=
Hom(V ρρ, V ρ¯ρ¯) translates the singlet into the 2×2 matrix
[
F ρρρρ
]
1
=
1√
2
(
0 1
−1 0
)
=
−1√
2
Aψ2 (C17)
where the rows and columns are arranged in the order
of |1¯〉, |0¯〉 and |1〉, |0〉 respectively. In general, [F ρρρρ ]c
with an arbitrary intermediate Abelian channel c can
be represented by a 2 × 2 matrix presented in table VI.[
F ρρρρ
]c
can be derived by a similar manner.
Appendix D: Fusion Rules and Properties of the
Defect Fusion Category of the “4-Potts” State
In this appendix we will give the detailed derivation
of the fusion rules of the defect fusion category for the
“4-Potts” state. We recall from earlier that the defect
fusion category is
CS3 = C1 ⊕ Cθ ⊕ Cθ ⊕ Cα1 ⊕ Cα2 ⊕ Cα3 (D1)
where C1 is generated by the 11 anyons in the parent state
“SU(2)1/Dih2” listed in Table XI, and the other sectors
are generated by threefold and twofold twist defects:
Cθ = 〈θ, ω〉, Cθ = 〈θ, ω〉
Cαa =
〈
α0a, α
1
a, α
2
a, α
3
a,µa
〉 . (D2)
We first explain the properties of the threefold defects
in Cθ. The only non-trivial anyon in “SU(2)1/Dih2”
unaltered by a threefold symmetry is the semion super-
sector Φ. With this anyon we can define a closed Wilson
loop
ΘΦ = +
Φ
(D3)
around a threefold defect. From the F -symbols FΦΦΦΦ in
(7.3), it squares to unity.
Θ2Φ = +
Φ
=
1
2
 +
Φ
+
3∑
a=1
+
Φ
ja

=
1
2 +Φ
=
dΦ
2 +
= 1 (D4)
where each summand vanishes because the internal chan-
nel ja can be moved through the branch cut and changed
so that the diagram vanishes:
+
Φ
ja
= +
Φ
ja ja−1 = 0. (D5)
Eq. (D4) shows that the Φ-loop has two possible eigen-
values ΘΦ = 1 and −1, which distinguish the two species
of threefold defects θ and ω respectively:
+
Φ
θ
= +1, +
Φ
ω
= −1. (D6)
The two species of threefold defects differ from each other
by the fusion with the semion φ from the bosonic Laugh-
lin state SU(2)1, i.e. θ × φ = ω. In the chiral “4-Potts”
state, the semion super-sector Φ is two dimensional, and
gives rise to a fusion degeneracy
θ × Φ = 2ω, ω × Φ = 2θ. (D7)
This means the two threefold defects θ and ω differ from
each other by a semion string φ. The additional φ-string
crosses the Φ-loop around the defect in (D6), and gives
the extra minus sign for ΘΦ.
Fusing a threefold defect with the bosons ja will not
alter ΘΦ as the braiding phase between Φ and ja is trivial,
and therefore
θ × ja = θ, ω × ja = ω. (D8)
Fusion associativity – x× (y× z) = (x× y)× z – requires
θ × σa = ω × σa = θ × τa = ω × τa = θ + ω. (D9)
From the S3-group product relation θ
2 = θ, a pair of
threefold defects fuses to its anti-partner, i.e. θ × θ → θ
(or ω). The splitting states of θ × θ are labeled by the
good quantum numbers of the closed Wilson operators
Aˆja =
+ +
ja
ja+1ja−1 . (D10)
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They mutually commute and satisfy the relations
Aˆj1Aˆj2 = Aˆj3 , Aˆ2ja = 1. (D11)
The four splitting states are specified by the simultaneous
eigenvalues Aˆja = (−1)sa for (−1)s1+s2 = (−1)s3 . The
fusion channels of θ×θ can be distinguished by a Φ-loop,
which, from the F -symbols in (7.3), decomposes into
+ +
Φ
θ θ
=
1
2

+ +
ΦΦ +
3∑
a=1 + +ja
ΦΦ

=
1
2

+ +
ΦΦ −
3∑
a=1 + +
ja
ja+1ja−1
Φ Φ
 , (D12)
where the small Φ-loops around the θ defects are ab-
sorbed by the ground state. Hence
+ +
Φ
θ θ
=
1
2

+ +
−
3∑
a=1 + +ja
ja+1ja−1

=
1
2
(
1−
3∑
a=1
Aˆja
)
, (D13)
which is −1 if (−1)s1 = (−1)s2 = 1, or +1 if otherwise.
This shows the fusion rules
θ × θ = ω × ω = ω + 3θ, θ × ω = θ + 3ω. (D14)
The threefold fusion degeneracy is protected by the
closed Wilson loop algebra
Aˆσa =
+ +
σa+1 σa−1
σa
, (D15)
which do not commute with the Aˆjb ’s. We also have
AˆσaAˆjb = −(−1)δabAˆjbAˆσa (D16)
due to the braiding phase between σa and jb.
Eq. (D14) enforces that the quantum dimension of the
threefold defects
dθ = dω = 4. (D17)
This is consistent with the fusion rules between conjugate
pairs
θ × θ = ω × ω = 1 +
3∑
a=1
ja +
3∑
a=1
σa +
3∑
a=1
τa (D18)
θ × ω = ω × θ = 2Φ +
3∑
a=1
σa +
3∑
a=1
τa (D19)
where the non-trivial fusion channels of θ × θ → χa can
be generated by the Wilson structure
+ +
χa+1
χa−1
χa
θ θ
(D20)
for χa = ja, σa, τa. The total quantum dimension for the
defect sector Cθ = 〈θ, ω〉 is therefore
DCθ =
√
d2θ + d
2
ω = 4
√
2 = D0 (D21)
which is also the total quantum dimension of the parent
state.
Next, we explain the properties of the twofold defects
in Cαa . The non-trivial anyons in “SU(2)1/Dih2” unal-
tered by the twofold symmetry αa are ja, Φ, σa, and τa.
These form the set of closed Wilson loops
Θja =
ja
, ΘΦ =
Φ
,
Θσa =
σa
, Θτa =
τa
(D22)
around the twofold defect. They mutually commute as
they can pass through one another without intersecting,
but they are not independent. From the fusion rules
(7.2), and the F -symbols in (7.3), they satisfy
ΘjaΘΦ = ΘΦ, ΘjaΘσa = Θσa , ΘjaΘτa = Θτa
Θ2ja = 1, Θ
2
Φ = 1 + Θja
ΘσaΘτa = ΘΦ (D23)
Θ2σa = 1 + Θja + ΘΦ, Θ
2
τa = 1 + Θja −ΘΦ
ΘΦΘσa = Θσa + Θτa , ΘΦΘτa = Θσa −Θτa .
For example, Θ2Φ can be evaluated by F
ΦΦΦ
Φ
Φ
=
1
2

Φ
+
3∑
b=1
Φ
jb

=
1
2

Φ
+
Φ
ja
 = +
ja
(D24)
where the other two summands involving ja±1 vanish be-
cause their internal channels can be dragged past the
branch cut and changed to lead to a vanishing diagram:
Φ
jb
=
Φ
ja−1ja+ 1 = 0. (D25)
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The Wilson loop Θ2σa can be evaluated by F
σaσaσa
σa
σa
=
1
2

σa
+
σa
ja
+
√
2
σa
Φ

= +
ja
+
Φ
. (D26)
Other products of (D23) are determined by associativity,
i.e. Θx(ΘyΘz) = (ΘxΘy)Θz, and by a redefinition of signs
in front of the Wilson operators Θx → −Θx if necessary.
The Wilson loops Θja ,ΘΦ,Θσa ,Θτa form an associa-
tive and commutative ring with identity. The species
labels of twofold defects are representations of this ring.
Let us see what this implies. First, Θja has eigenvalues
±1 since it squares to unity. The product relations (D23)
then force the eigenvalues of the other Wilson operators
to satisfy
ΘΦ =
√
2(−1)s
Θσa = 2 cos
(
pi
8 − spi2
)
Θτa = 2 sin
(
pi
8 − spi2
) , for Θja = +1 (D27)
ΘΦ = Θσa = Θτa = 0, for Θja = −1 (D28)
for 2 cos(pi/8) =
√
2 +
√
2, 2 sin(pi/8) =
√
2−√2.
The first possibility, which is listed in Eq. (D27), gives
four twofold defects αsa, one for each value of s ∈ Z4 =
{0, 1, 2, 3}. The ΘΦ and Θσa loops change signs upon
fusing the defect with anyons that intersect non-trivially
with Φ and σa. Fusion associativity requires
αsa × ja = αsa, αsa × ja±1 = αs+2a
αsa × Φ = αs+1a + αs−1a (D29)
αsa × σa = α−sa + α−s+1a .
The second possibility, which is listed in Eq. (D28), de-
scribes another twofold defect µa, which is related to the
others by
µa = α
s
a × σa±1 = αsa × τa±1 (D30)
µa × σa±1 = µa × τa±1 =
3∑
s=0
αsa. (D31)
The fusion channels of the a defect pair αs1a × αs2a are
distinguished by the mutually commuting Wilson loops
Wx =
x
1 2 (D32)
where x are anyons in the “4-Potts” state. This Wilson
algebra depends only on Wja−1 and Wσa−1 as the others
are generated by the product relations:
Wja = Θ1jaΘ2ja = 1, Wja+1 = Θ1jaΘ2jaWja−1 =Wja−1
WΦ = 1
2
Θ1ΦΘ
2
Φ
(
1 +Wja−1
)
Wσa =
1
2
(
Θ1σaΘ
2
σa + Θ
1
τaΘ
2
τaWja−1
)
(D33)
Wσa+1Wσa−1 =
1√
2
(Wσa +Wτa)
Wτa =WσaWja−1 , Wτa±1 =Wσa±1Wja =Wσa±1
where Θ1 (or Θ2) is the Wilson loop around only the first
(resp. second) defect. These product relations can be
evaluated by using the F -symbols in (7.3). For example,
the Φ-loop can be resolved into
1 2
Φ
=
1
2
[
Φ
+
3∑
b=1
Φjb
]
=
1
2
[
Φ
+
ja−1 ja−1ja
]
=
1
2
[
Φ
+ Φ
ja−1
]
(D34)
where the jb = ja±1 terms in the summand vanish. And
the σa-loop is
1 2
σa
=
1
2
[
σa
+
σaja
+
√
2
σaΦ
]
=
1
2
[
σa
+
ja−1
τa τa
]
(D35)
where the last term involving the intermediate channel
Φ vanishes.
The fusion channels of αs1a × αs2a → y are determined
by the eigenvalues of the Wilson loop
Wx = 1
dy
D0Sxy (D36)
where the S-matrix is given in (7.4), and dy is the quan-
tum dimension of the fusion channel y. The fusion rules
are summarized by
αsa × αsa =
{
1 + ja + σa, for s even
1 + ja + τa, for s odd
αsa × αs+2a =
{
ja−1 + ja+1 + τa, for s even
ja−1 + ja+1 + σa, for s odd
(D37)
αsa × αs+1a =
{
Φ + σa, for s even
Φ + τa, for s odd
.
The fusion rule for a pair of µa’s can be deduced using
(D30)
µa × µa = 1 +
3∑
b=1
jb + 2Φ + 2σa + 2τa. (D38)
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Eqs. (D37) and (D38) imply the defect quantum di-
mensions are
dαsa = 2, dµa = 4. (D39)
The total quantum dimension for the defect sector Cαa =
〈α0a, α1a, α2a, α3a,µa〉 is therefore
DCαa =
√
4d2αsa + d
2
µa
= 4
√
2 = D0, (D40)
which again is the total quantum dimension of the parent
state.
Finally, we describe the fusion rules between twofold
and threefold defects. Similar to the SO(8)1 state, the
non-abelian S3-symmetry in the “4-Potts” state implies
non-commutative fusion rules:
αs1a × αs2a+1 =
{
θ, for s1 + s2 even
ω, for s1 + s2 odd
αs1a × αs2a−1 =
{
θ, for s1 + s2 even
ω, for s1 + s2 odd
αsa × θ = θ × αsa = αsa+1 + αs+2a+1 + µa+1
αsa × ω = ω × αsa = αs−1a+1 + αs+1a+1 + µa+1
µa × θ = µa × ω = 2µa+1 +
3∑
s=0
αsa+1
θ × µa = ω × µa× = 2µa−1 +
3∑
s=0
αsa−1.
The first and second identities come from the the product
relation αaαa+1 = θ and αaαa−1 = θ−1 of the symmetry
group S3, where the θ or ω channel is distinguished by
the Φ-loop
Φ
1 2
=
1
2

Φ
1 2
+
3∑
b=1
Φ
jb
1 2

=
1
2
Θ1ΦΘ
2
Φ = (−1)s1+s2 . (D41)
The other identities are consequences of fusion associa-
tivity.
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